THE CHARACTERS OF SEMISIMPLE LIE GROUPS

BY
HARISH-CHANDRA

1. Introduction. Let 7 be a quasi-simple irreducible representation [6(c) ]
of a connected semisimple Lie group G. We denote by C;”(G) the space of all
complex-valued functions on G which are indefinitely differentiable and which
vanish outside a compact set. Then if dx is the Haar measure on G, the oper-
ator

= () (f € CZ(G))

is of the trace class and the mapping T,:f—sp(w(f)) is a distribution on G
which is called the character of = (see [6(d)]). In this paper we shall obtain
some results on these characters. Let / be the rank of G. We say that an
element x EG is regular if [ is exactly the multiplicity of the eigenvalue 1 of
the matrix which corresponds to x.in the adjoint representation of G. The
regular elements form an open and dense subset G’ of G. We shall prove
(Theorem 6) that T, coincides on G’ (in the sense of distribution theory [11])
with an analytic function F, which is given by a formula rather similar to
that of Weyl [14(a)] for the compact case (see also [4] and [6(e), p. 511]).
However it still remains an open question whether F, determines T, com-
pletely(}).

The central idea of our method is quite simple and can be explained as
follows. Let g be the complexification of the Lie algebra of G and 9B the uni-
versal enveloping algebra of g. Every element b&® can be regarded as a
(left-invariant) differential operator on G and so by duality it operates also
on the space of distributions on G. Hence the distribution 47T, is well defined.
Let 3 be the center of 8. Then it follows from our assumptions on 7 that T,
is an “eigen-distribution” of every operator 2& 3. Or, in other words, there
exists a homomorphism x, of 3 into the field of complex numbers such that
2T-=x-(2)Tx (3€38). On the other hand, in view of its definition, T(f")
=T.(f) (WEG, fEC;(G)) where f* stands for the function x—f(y~'xy) (*xEG).
(We express this property by saying that T, is an invariant distribution.)
Now let x¢ be a regular element in G and Z., the centralizer of x,. Then we
can choose a closed normal abelian subgroup 4 of Z., such that x¢&A4 and
Z.,/A is finite. Moreover if B is a sufficiently small open neighborhood of x,

Received by the editors September 28, 195S.
(1) If Fr50 one can prove that there is only a finite number of possibilities for T~ (see
[6(h), Theorem 3]).
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in A, V=U.g ¢ xBx~'is open in G. T, being invariant, it defines in a natural
way a distribution 7, on B (regarded as an open submanifold of the Lie
group 4). Now if we transcribe the differential equations 27, =x.(2) T» (2E3)
into the corresponding equations for 7., we find that among the latter there
are always some which are of the elliptic type (see for example Girding [3]
for the definition of ellipticity). Hence in view of the recent generaliations
(see Schwartz [11, p. 136] and John [8]) of the classical theorem of Bern-
stein, one can conclude that 7, is an analytic function on V. The precise
form of this function can now be obtained by looking more closely at the
differential equations for 7,.

The contents of this paper are as follows. §2 deals with preliminary re-
sults. In §3 we introduce the notion of a quasi-regular element of G. (For us
the significance of this concept, which is less strict than that of a regular ele-
ment—for example in a compact semisimple Lie group, every element is
quasi-regular—lies in the fact that the above-mentioned results actually
hold on the larger set of quasi-regular elements.) Then, after a brief discus-
sion in §4 of some general properties of differential operators on Lie groups,
we begin an intensive study of certain special types of operators. The results
of this investigation (Theorems 1 and 2) permit us to prove that certain eigen-
distributions of these operators are actually analytic functions (Theorem 3).
The exact form of these functions is obtained in Theorem 4. These results are
then applied to the theory of characters in §11. One particular case is con-
sidered in greater detail in §12 and there we find a rather striking connection
(Theorem 8 and Lemma 44) between the characters of the finite- and the
infinite-dimensional representations.

A short summary of the results of this paper has been published in [6(h) ].

2. Preliminaries. Let R and C denote the fields of real and complex num-
bers respectively and (—1)2 a fixed square-root of —1 in C. Let go be a
semisimple Lie algebra over R and g its complexification. We put B(X, Y)
=sp(ad X ad Y) (X, YEg) where X—ad X is the adjoint representation of
g. Let ii be a real form of g. By the conjugation of g with respect to it we mean
the autmorphism § of g over R given by §(X+(—1)V2Y)=X—(—1)12Y
(X, YET) .We note that if b is a Cartan subalgebra of i, its complexification
b is a Cartan subalgebra of g. The real form ii is called compact if the quad-
ratic form B(X, X) is negative definite on fi. Let n denote the conjugation of
g with respect to go. The following lemma has been proved by Mostow [10].

LEMMA 1 (MosToW). Let Y, be a Cartan subalgebra of go and b the complexi-
fication of bo in §. Then there exists a compact real form ii of g with the following
two properties:

L q() =1,

2. Nt is a Cartan subalgebra of ii.

Now let u be a fixed compact real form of g such that n(u) =u and let
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fo=goMNt, po=goN\(—1)"2u. Then go="F+po and g=¥+p where ¥, p are the
complexifications of f,, po respectively in g and both the sums are direct. Let
8 denote the conjugation of g with respect to u and put =70 8. Then 8 is
an automorphism of g over C and §( X+ V)=X—-Y (X€&t, Y&p).

Let G be a connected Lie group with the Lie algebra gy and let x—Ad (x)
denote the adjoint representation of G on g. The following consequence of
.Lemma 1 was pointed out to me by Chevalley.

COROLLARY. Let f)o be a Cartan _subalgebm of go. Then we can choose an
element x &G such that if o =Ad (x)h,,

Bo = Ho M fo + Ho M po.

Choose i in accordance with Lemma 1 and let § denote the conjugation
of g with respect to ii. Put £ =1 go, o= ((—1)/2)Mgo. Then g, is the direct
sum of f, and §, and it follows from a theorem of Cartan [1(b)] that f,
=Ad (x~V)f, for some xEK. Now suppose X &fy, YE§,. Then B(X, V)
=B((X), 6(Y))=B(X, —Y) and therefore X and Y are orthogonal under
the bilinear form B. But B(X, X) <0 if X&¥, (X0) and so it follows that
fio is exactly the set of elements of g, orthogonal to ¥, under B. A similar
relationship holds between ¥, and p, and therefore also between fo=Ad (x~1)¥,
and Ad (x~1)po. This proves that Ad (x~!)po=o. Now let ho=Ad (x)ho. If b
is the complexification of fo in g, it follows from the second condition of
Lemma 1 that b is also the complexification of §\ii and therefore §(p) =h
But obviously 8(go) = go and therefore

8(ho) = 8(H M go) = H M go = o
This shows that ho="hefo+Ho\Fo and hence
Bo = ho M Lo + bo M po.

Let ao be a maximal abelian subspace of po. For each (real-valued) linear
function X on aq let go,\ be the set of all X € g such that [H, X]=\(H)X for
all HE ao. Let 2 be the set of those A0 for which go,x70. Then Z is a finite
set. Let K denote the analytic subgroup of G corresponding to ¥,.

LEMMA(?) 2. Let Y, Y be two Cartan subalgebras of go both invariant under
0 and such that H:MN\poCao (¢=1, 2). Let Z; be the set of those a EZ which vanish
sdentically on HiM\po (1=1, 2). Then if 2, =2, there exists an element kE K such
that B, =Ad (k)b,.

Choose an element Hy&hiMpo such that a(Hp) #0 (¢E&Z) unless aEZ,.
Also let a; denote the set of all those HEa, for which a(H) =0 for every
a&Z,. Obviously a;DhiMpe. We shall now show that a;=5Mpe. Let qo be

(®) This result had also been obtained independently by A. Borel.



1956] THE CHARACTERS OF SEMISIMPLE LIE GROUPS 101

the centralizer of Hy in f,. Then it is obvious that

6o C go,0 + Z 80,
PSS
and therefore [qo, a;] = {0} But it is clear that §hiMN,Cqoe and so a;+5:NE
is an abelian algebra. However

a+hNEDhNpe+ hiMNE = hi

Therefore since b; is maximal abelian in go, a;=8§Mpo.

This proves that §;M\py is completely determined by Z;. Hence if Z,=2,,
BN po=5h\po. Then qo, as defined above, is the centralizer in ¥, of §:M\py
=D.Mpo. Replacing G, if necessary, by its adjoint group we may assume that
K is compact (see Mostow [10]). Then if Q is the centralizer(®) of §:M\p, in
K, Q being a closed subgroup of K, is compact. Also its Lie algebra is g,. Since
it is obvious that both §;MN¥f, and hMN¥, are maximal abelian subalgebras of
qo it follows, in view of the compactness of Q, that §hM\fy=Ad (k) (hMf,) for
some k< Q. But then

Ad (k)b = Ad (kB)(51 M to) + Ad (k)(B:r M po)
=PhaNE4+ 5N =M E+ M po = be.

We say that two Cartan subalgebras by, §, are conjugate (or lie in the
same conjugacy class) if h,=Ad (x)h for some xEG.

COROLLARY. We can select a finite number of Cartan subalgebras ¥y, - - - , b,
of 8o with the following two properties. 0(h;) =h; =1, - - -, 7) and if ho is any
Cartan subalgebra of go, Yo is conjugate to Y, for exactly one 1.

The set  being finite, there is only a finite number of possibilities for
the subsets Z;, 2; of Lemma 2. Hence if we combine the above results with
the corollary to Lemma 1, our assertion follows from the fact (see Cartan
[1(a)]) that any two maximal abelian subspaces of p, are conjugate under K.

Let X be an indeterminate. For any x €G consider the polynomial

D(x, \) = det {(A + 1)I — Ad (x)}

in X\. (Here I is the identity mapping of g.) Let ! be the highest power of A
which divides D(x, N) for every x. Then [ is called the rank of G (or of go)
and, as is well known, every Cartan subalgebra of go has (real) dimension /.
Now clearly if n=dim g,

n—1

D(x,\) = A+ 25 (—=1)""D(x)\

re=]

(®) Let x and X be two elements in G and g respectively. It is convenient to say that x and
X commute if Ad(x)X=X.
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where D, (I<r <n) are analytic functions on G and D; is not identically zero.
Let S denote the set of zeros of D; on G. We call S the singular set of G.
Obviously it is a closed nowhere dense set. A point x G is called singular or
regular according as it lies in .S or not. If z lies in the center Z of G, Ad (zx)
= Ad(x) (x&G) and therefore ZS=S. Similarly D(yxy=!, N)=D(x, N\)
(x, yEG) and therefore ySy=!=S.

An element X &g is called regular if the multiplicity of the eigenvalue
zero of ad X is exactly L. It is well known (see Weyl [14(b) ]) that if X is regu-
lar, its centralizer in g is a Cartan subalgebra of g and conversely every
Cartan subalgebra contains a regular element. Let A be a maximal abelian
subgroup of G. We say that 4 is a Cartan subgroup(®) of g if its connected
component of 1 is not contained in S. Obviously a Cartan subgroup is closed
and hence it is a Lie subgroup of G.

LEMMA 3. The Lie algebra of any Cartan subgroup of G is a Cartan subalge-
bra of go. Conversely if by is any Cartan subalgebra of g, there is exactly one Car-
tan subgroup A of G whose Lie algebra is Y. If H is a regular element in Yo,
A coincides with the centralizer(®) of H in G.

COROLLARY. Let Z, denote the centralizer of a regular element x in G. Then
Z, contains exactly one Cartan subgroup A of G. Moreover A is normal in Z,
and Z./A is finite.

Before proving the above lemma and its corollary, we need a few auxiliary
results. Let G, be a complex analytic group with the Lie algebra g and let S,
denote the singular set of G.. Then if §) is a Cartan subalgebra of g, we con-
sider the complex analytic subgroup 4. corresponding to §). Let G, denote the
complement of S, in G..

LEmMA 4. G! is connected and G! CU.c¢, 24271, Moreover if Ho is a
regular element in Y, the centralizer of Hy in G, coincides with A..

Let z—Ad (2) (3E€G.) denote the adjoint representation of G, on g. Then
it is a complex representation (see [6(g), §6]). A being an indeterminate, con-
sider the polynomial

D(z,\) = det {(A + DI — Ad (2)} (z EG.)

- where I is the identity mapping of g. The coefficients of this polynomial are
holomorphic functions on G. I being the rank of g, let (—1)!D;(z) denote the
coefficient of N\%. Then S, is the set of zeros of the holomorphic function D,.
Since D, is not identically zero, S, is a complex-analytic subvariety of G. of
one complex dimension (and therefore two real dimensions) less. Hence G/

is connected.
Put V'=U.cq, 24.27" where A/ =A.NG/. It is obvious that VCG,.

(%) The definition of a Cartan subgroup given in [6(h)] is not quite correct.
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Moreover if a is an element in A4, sufficiently near 1 but different from 1, it
is easily seen that a is regular and therefore V' is not empty. Therefore since
G! is connected, in order to prove the second statement of the lemma, it
would be sufficient to show that V’ is both open and closed in G!. Let G be
the factor space G./A. consisting of all cosets of the form z4. (2&G.). Put
a** =zaz"! (2EG., aEA,) where z—z* is the natural mapping of G. on Gr.
Then an easy computation shows that the holomorphic mapping ¢:(z*, a)
—a**(z*CGX aCA,) of G* XA, into G, is everywhere regular on G, X4/ and
therefore we conclude that V' =¢(G*XA4/) is open in G,. So now it remains
to show that V’ is closed in G/. Introduce some lexicographic order among
the roots of g (with respect to §)) and for each root « select an element X, #0
such that [H, X,]=a(H)X, for every HChH. Then n= D .50 CX, is a nil-
potent subalgebra of g. Let ), be the real subspace of §) consisting of those
elements where every root a takes a pure imaginary value. It is possible to
choose (see Weyl [14(b)]) a compact real form ii of g which contains B,. Let
U and N be the (real) analytic subgroups of G. corresponding to ii and n
respectively. Then U is compact, Go= UA,N and A.N is closed (see Iwasawa
[7]). Hence
V= U ud.Nu!
wEU

is also a closed set. Moreover it is obvious that

VNG! = U u(4.N)'u?
wEU

where (4.N)'=A.NNG/. Also we know (Lemmas 8 and 10 of [6(e)]) that

(AN) = U nd!ln?
nEN
and therefore VNG! =V’. But since G.= UA.N=UNA,, it follows that
V'CVand so V'=VNG/!. This proves that V' is closed in G/ .

Now let H, be a regular element in § and suppose Ad (x)H,=H, (x&EG).
Then x=una (uGCU,nEN, a=A,) and so Ad (n)Hy=Ad (v—*)H,. Since } is
the centralizer of H, in g, we conclude that Ad (n)h=Ad (z~1)h. But Ad (n)h
Ch+n and Ad (u~1)hoCii. Moreover if (h+n)Nii=},, it is obvious that
[Bo, B1]CnNii={0}. Therefore since b, is maximal abelian in i it follows
that §; =ho. This shows that Ad (#~)ho=Ho and so Ad (n)h=Ad («~1)h=).
But from Lemma 8 of [6(e)], this implies that =1 and hence Ad (x—Y)H,
=H,. Let H,, H; be elements in b, such that Hy=H;+ (—1)Y2H,. Then it is
obvious that Ad (w~!)H;=H,, 1=1, 2. Moreover since H, is regular, no root
of g (with respect to §)) can vanish at both H, and H;. Therefore we can choose
tER such that H=H,+tH, is a regular element in %,. Let 4, be the analytic
subgroup of U corresponding to fj,. Then since U is compact and Ad (»)H =H,
it follows (see Stiefel [12, Satz 7]) that xE4,. This shows that xE4, and
so the lemma is now proved completely.
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COROLLARY. Let A, denote the centralizer (in G.) of a regular element x in
G.. Then A, has only a finite number of connected components and its Lie
algebra is a Cartan subalgebra of g.

From Lemma 4 we can choose 2&G, such that a =2"xz2EA4,. It is obvious
that a is regular and therefore §j is the centralizer(®) of @ in g. Let A* be the
normalizer of 4, in G.. It is clear that z4,2~! is the connected component of
1in A, and A,C24*2z. Hence in order to prove the corollary it is sufficient
to show that A*/4. is finite. Let y&A*. Then y=unb (uCU,nE N, bEA4,)
and Ad (»)h=Ad (»~!)h. By the argument which we have already used in
the proof of Lemma 4, it follows that =1 and so #€A4*NU. This proves
that 4*/A.~(A*N\U)/(A.NU). But since ) is its own normalizer in g, we
conclude that 4*/4. is both discrete and compact. Therefore it is finite.

Now we come to Lemma 3 and its corollary. If Z is the center of G, it is
obviously permissible for our proof to replace G by G/Z. Hence we may
assume that there exists a complex analytic group G, with the Lie algebra g
such that G is the (real) analytic subgroup of G, corresponding to go. Then if
S. and G! are defined as above, it is obvious that GN\G! =G’ and G(S.=S.
Let A be a Cartan subgroup of G. We denote by A4, the connected com-
ponent of 1 and by }, the Lie algebra of 4. Choose a regular element a E4,.
A being abelian, a =exp H for some HEN, and it is obvious that H is regular.
Let A, and b be the centralizers of H in G, and g respectively. From Lemma 4,
A, is abelian and hence it is clear that A =4,MNG. Therefore ho=hMg, and
this shows that §, is a Cartan subalgebra of go and A4 is the centralizer in G
of any regular element in . Conversely let §j, be a given Cartan subalgebra
of go and H a regular element in %,. Then if A4, is the centralizer of H in G,
we know from Lemma 4 that 4. is abelian. Hence it is obvious that 4 =4 NG
is a maximal abelian subgroup of G. Moreover if ¢ is sufficiently small and
positive exp tH is evidently regular. Therefore 4 is a Cartan subgroup of G.
All the statements of Lemma 3 are now obvious. However we still have to
prove the corollary. x beirig a regular element in G, let §, denote the central-
izer(®) of x in g and 4, the analytic subgroup of G, corresponding to §.. Then
if A, is the centralizer of x in G,, we have seen (corollary to Lemma 4) that
A, is normal in 4, and A,/A. is finite. Therefore (4.N\G)/(4.NG) is
also finite. But it is obvious that Z, = A4,MNG and, as we saw above, 4 =4.NG
is the Cartan subgroup of G corresponding to h,/M\ge. Moreover since b.Mgo
is the Lie algebra of Z,, it is clear that A4 is the only Cartan subgroup of G
contained in Z,.

LEMMA 5. Let by, « - -, b, be defined as in the corollary to Lemma 2 and let
A; be the Cartan subgroup of G which corresponds to §; (1=1, - - -, r). Then

G C 0 U xd;x1.
=1 zE6
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Since 4;DZ for every 14, it is again permissible to replace G by G/Z.
Therefore, as in the proof of Lemma 3, we may assume that GCG.. Let y
be a regular element in G and let B, denote the centralizer of y in g. Then as
we have seen above §,/Mg, is a Cartan subalgebra of g, and therefore §,MN g,
=Ad (x)b; for some x G and some ¢ (1 <i<r). Now if 4, is the Cartan sub-
group of G corresponding to §,M gy, it follows from Lemma 3 that 4, =x4 ;x~1.
But since 4, is the centralizer of §, in G (see Lemma 3), yExA4 x~1.

Two Cartan subgroups 4 and B of G are said to be conjugate (or to lie in
the same conjugacy class) if B=xA4x"! for some x EG.

LEMMA 6. Every Cartan subgroup A of G is conjugate to A; for exactly one i
(1=1=r).

This follows immediately from Lemma 3 and the corollary to Lemma 2.

Let b, be a Cartan subalgebra of go such that 8(f,) =%,. Let 4 be the
centralizer of ), in G and M the connected component of 1 in the centralizer
of §Npo in K. We put M=MA. Let me, be the centralizer of hoM\p, in £;.
Then my, is the Lie algebra of M and it is obvious that Ad (a)me,=me, for
a€A. Hence M is a group. Let B denote the centralizer of my, in ANK.

LEMMA 7. Let A, denote the analytic subgroup of G corresponding to HoM\po.
Then A=(ANK)A,, MNK =MB and B is the center of MNK. Moreover
MNK= U mA4dN K)m!
nEM

and ANK =AB where A is the connected component of 1 in ANK. Finally
M=MBA, and BA, is the center of M.

Let exp po denote the set of all elements in G of the form exp X (X Ep,).
Then we can “extend” 6 to an automorphism of G such that 6(kp) =kp—!
where k€K and p Eexp po. Since 0(Bo) =y, it follows that 6(4) =4 and there-
fore if a€A4 and a=kp (REK, pEexp M), p2=0(aYa is also in 4. But with
regard to the positive definite quadratic form —B(0(Y), ¥) (Y Egqs) on g,
ad X (X E&po) is a symmetric operator and hence exp (ad X) V=V (Y Ego)
unless [X, V]=0. Therefore if p=exp X (XEp,) we can conclude that
(ad X)ho={0} and X EBhoMp,. This proves that pEA, and so kEANK.
Now since ZCBCANK, it is clearly permissible to replace G by G/Z in
proving the rest of the above lemma. So we may assume that K and therefore
also ANK and M are compact. It is obvious that B/M\f, is a maximal abelian
subalgebra of my,. Hence M being compact, it follows (see Weyl [14(b)]) that

M= U_midm
nC M
and so 4 contains the center of M. Now complexify ¥, me, to §, me respec-
tively and for every root a (of g with respect. to §) choose an element X,0
belonging to the root a. Let Q be the set of all roots a such that X,Eme. We
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can choose a fundamental system (a4, - - -, ;) of rootsin Q'so thatey, - - - ,a,
are linearly independent and every root in Q can be written in the form
diou+ - - - +d,a, where dy, - - -, d, are integers which are either all non-
negative or all nonpositive. If a€ANK, it is obvious that Ad (a)X,=c.X.
(¢€Q) where ¢, are unimodular complex numbers. Since [X,., X_.]E},
c_.,,=c;1 (¢€Q). We can choose HEhyNE such that co,=e*®@ §=1, - - -, 7,
Then ao=exp HE A and Ad (ag 'a) leaves X.;, X _a; (1 <i=r) fixed. But these
elements together with hN\f generate the Lie algebra my, and so it follows that
ay'a€B. Hence ANK=BA. Moreover ACM and therefore M=MA
=MBA, and MNK =M B. Since 4 contains the center of M, it is now clear
that B is the center of M B. Therefore

MNK=MB= U m(@Bm'= U 4N K)m
mE,’l_l meﬁ
On the other hand it is obvious that B4 lies in the center of M. Conversely
if 2z is in the center of M, 2EA since 4 is maximal abelian. Hence z=aa,
where a©€ANK and e, EA,. Then a is in the center of MNK and therefore
a € B. This completes the proof of the lemma.

Let Hy, - - -, H, be a base for hoM\po over R. We extend it to a base
(Hy, + -+, Hpy Hpya, + - -, H)) for hoMpe+(—1)2(heMN\E,) over R and intro-
duce the lexicographic order among the roots corresponding to this base
(see [6(f), §2]). Let P be the set of all positive roots under this order. Then
P is the union of three disjoint subsets P, Py, P_ defined as follows. P, is the
set of those roots a € P which do not vanish identically on §M\p. If a is a posi-
tive root which is not in P,, it is clear that X, and 8(X.) both belong to @ and
therefore since 62 is the identity, 6(X,) = + X.. Then « lies in Py or P_ ac-
cording as X,.Cp or X,E€Ef. Put m=m+HMNp and

4= 2 (CXa+ CX_a) + 2 (CXa+ CX_a).
aEP, aE P,
Then q is exactly the set of those elements of g which are orthogonal to m
with respect to the bilinear form B(X, V). Since mM gy is the Lie algebra of
M, it follows that q is invariant under Ad (m) (m& M). Let I be the identity
mapping of g and (Ad (m)—I), the restriction of Ad (m)—I (m&E M) on q.
We denote by ‘M the set of those elements m & M for which det (Ad (m) —1I),
#0. Put M'=MNG’ and A’=ANG". It is obvious that ‘M D M’.

LeEMMA 8. A’ s dense in A.

For each root @ we can define a character &, of 4 by Ad (a)X.=£.(a) X
(a€4). Select an element H &N, such that a(H) 0 for every root . Then if
a&4, it is obvious that £,(a exp tH) =£.(a)et*™® 1 for every root «, pro-
vided ¢ is a sufficiently small positive number. This proves our assertion.

COROLLARY. Both ‘M and M’ are open and dense in M.
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Since det (Ad (m) —I), is an analytic function of m on M, the openness of
‘M is obvious. Moreover G’ being open in G, M’ is open(®) in M. On the other
hand

M= U mAm™ and M' = U_md'm.
mEM mEM
Therefore since 4’ is dense in 4 and ‘M D M’ our assertion follows.

LEMMA 9. There exists a finite number of connected components A{, - - -, A/}
of A’ such that A'=Uj_, ZA!.

For the purpose of this lemma, we can obviously replace G by G/Z and
thus assume that K is compact. Then 4 being defined as in Lemma 7,
(ANK)/4 is both discrete and compact and therefore it is finite. Put
Ay=4A,. Then it follows from Lemma 7 that every connected component
of A is of the form @¢do (ae©EANK) and so there is only a finite number of
such components. Define the characters £, of 4 as above. Since [X., X_.] €Y,
it is obvious that ¢{_,=£;". Select complex numbers ¢, such that £,(a,) =e‘a
(a€P). Since ANK is compact, ¢, are all purely imaginary. Let  be any
integer and « a root in P. Then by ¢.,, we denote the hyperplane in §, con-
sisting of all elements H such that a(H) = —c.+(—1)Y22xr. It is clear that
any compact subset of §, meets only a finite number of these hyperplanes.
Let ¢ be the complement in §, of the union of all these hyperplanes. Then
every point in the real Euclidean space §), has a neighborhood V such that
VNhJ decomposes only into a finite number of connected components. From
this we conclude immediately that if w is a compact subset of b, there exists
aneighborhood V of w for which VM, has only a finite number of connected
components. Now 4 being compact, we can choose a compact set wt, in
hoNEy such that 4 Cexp wr,. Put «’ =h{ N (hoNpo+wr,) and suppose H' Cw’.
Then H'=H+H, where HEHN\po, HyEwr,. Consider H{ =tH-+H, (t>0).
We claim H{ Cw'. For otherwise a(H{)= —c,+(—1)"22xr for some a &P
and some integer r. But

a(H{) = ta(H) + a(Ho)

and «a(H) is real while a(H,) is purely imaginary. Therefore since ¢, is also
purely imaginary, the above relation is possible only if a(H)=0. But in that
case

a(H') = a(H!) = — ca + (—1)V227r

which however is impossible since H'Clg. Let V be a neighborhood of wt,
in ho such that VNl has only a finite number of connected components.
Then the above result shows that every point of w’ can be joined to a point

() We note that M is a closed subgroup of G and therefore the natural topology on M as a
Lie group coincides with the one induced by G (see Chevalley [2]). A similar statement holds
for 4.
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in V by a line lying entirely in w’. Therefore w’ also does not have more than
a finite number of connected components. On the other hand it is obvious
that the image of ' under the mapping H—a, exp H (HEw') is exactly
A’'Nayd,. This proves that no component of A contains more than a finite
number of components of A’. Therefore since 4 has only a finite number of
components the same holds for 4’.

COROLLARY. There exists a finite number of connected components G{, - - -,
G! of G’ such that G'=Uj., ZG!.

This follows immediately from Lemmas 5 and 9.

LEMMA 10. Let A* denote the normalizer of A in G. Then A*=(A*NK)A,,
the factor group A*/A is finite and a* Ma*~'= M for any a*EA*. Moreover if
x s an element in G such that xmx—E M for some mES M, then xCA*M.

Since 6(4)=A it is obvious that 6(4*)=A4* Now suppose kpEA4*
(REK, pEexp po). Then p2=(0(kp)) kpSA* and therefore Ad (p2)ho=he.
But an element H &N, belongs to p, (or fo) if and only if all the eigenvalues of
ad H are real (or purely imaginary). This implies that Ad (p?) leaves both
HoM\po and BNy invariant. Choose Y Ep, such that p=exp Y. Since [po, po]
Cto and [po, o] Cpo, we conclude that

{Ad (») — Ad (p)}H =0 (H € ¥py).

But as we have seen during the proof of Lemma 7, this is possible only if
(ad Y)H =0 for all HEh,. This means however that Y ChoM\p, and therefore
pEA, and REA*NK. Moreover my, being the centralizer of §oM\p, in ¥y,
it is obvious that Ad (k)me,=my, and therefore kMk—'= M. Since M =M A,
this proves that a*Ma*~'= M for any a*&A*. Also b, being its own normal-
izer in g, it follows that A* and 4 have the same connected component of 1.
Therefore since ZCANK and K/Z is compact, A*/A~(A*NK)/ANK is
both discrete and compact and so it must be finite.

Now suppose xmx~'& M for some m&*'M and xEG. Then m =mami’
where ¢E'MNA='4A4 and m&EM. Similarly xmx—'=ma'm;' (o' EA,
me& M). Hence if y=mg3 "xm,, it is sufficient to prove that yEA*M. But
a€y~'Ay and therefore it is obvious that Ad (¢)X =X if XEAd (y1)bo. On
the other hand since a ©'4, Ad (a) X # X (X Sgo) unless X €hoMNpo+me, =m,
Therefore Ad (y~!)hCm,. Moreover Ad (M) being compact, any two max-
imal abelian subalgebras of m, are conjugate under M. Therefore we can select
msE M such that Ad (y~1)ho=Ad (m3)ho. Then from Lemma 3, ym;EA* and
therefore yEA* M.

3. Quasi-regular elements. Let Z, and b, be the centralizers in G and g,
respectively of an element x ©G. We shall say that x is quasi-regular if (1) b,
contains a regular element and (2) there exists a closed normal abelian sub-
group 4 of Z, such that Z./A4 is compact. It follows from the corollary to
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Lemma 3 that every regular element is quasi-regular. Now suppose x is
quasi-regular and H is a regular element in B.. Then x lies in the centralizer
of H in G and therefore from Lemmas 3 and 6, x is conjugate to an element
of some 4; (1=7=r). Thus we have obtained the following result.

LeMMA 11. Let ‘G be the set of all quasi-regular elements in G and put
‘A;="GNA; (1=1=Zr) where A; have the same meaning as in Lemma 6. Then
‘\G= U:,l U‘E Ied x'A L,

Let us now use_the notation of Lemma 7 and define ‘M as in the corollary
to Lemma 8. Our object is to show that ‘G M ="M. Suppose a, is a quasi-
regular element in 4. Define £, (¢ €P) as in the proof of Lemma 8 and let 1t
be the centralizer of @ in g. Then if Q is the set of those roots a € P for which
£.(ap)=1, n=bh+ Zaeq (CXo+CX_,). Moreover since a, lies in G, n is the
complexification of no=n/M\go and n, is the Lie algebra of Z,,. Now let yE Z,,.
Then it follows from the definition of quasi-regularity that all the eigenvalues
of the restriction of Ad (y) on n are unimodular complex numbers. Therefore
since 4 CZ,,, we conclude that |£.(a)| =1 for all a€4 and «€Q. This shows
that every root in Q takes only purely imaginary values on §. On the other
hand since all roots take only real values on §o/M\p,, it follows that QC P \JP_
and therefore 6(n) =n. Furthermore it is obvious from the above expression
for n that it is reductive (see Koszul [9]) and so any abelian ideal of n must
be contained in §. Hence in view of the quasi-regularity of ag, nd = [1,, 1]
must be a compact semisimple Lie algebra over R. On the other hand 0(nJ)
=n¢ and therefore ng =nd N+nd MNp,. But if XE&ndMp, all the eigen-
values of ad X are real which, from the compactness and semisimplicity of
ng, is impossible unless X =0. This shows that n{ C¥, and therefore £ [b, 1]
DY ecq (CXoa+CX_,). Hence QCP- and so as€EAN'M. Conversely if
m&E'M, Z,. is contained in A*M and A,Z is a closed normal subgroup of
A*M such that A*M/A.Z is compact (see Lemma 10). Moreover since m is
conjugate to some element of 4 (Lemma 7), the centralizer of m in g, con-
tains a regular element. This proves that m is quasi-regular. Therefore
AN'G=AN'M and since M =Unecny mAm, it follows that ‘M =MN'G.
Thus we have the following lemma.

LEMMA 12. ‘M coincides with the set of quasi-regular elements in M.

COROLLARY. ‘G is an open subset of G and thete exists a finite number of
connected components Gy, - - -, Gy of ‘G such that ‘G =UY., ZG..

Consider the mapping (x, m)—xmx~! (xEG, m&E'M). Since (Ad (m™1)
—I)q=q, every element in g can be written in the form X+ (Ad (m~)—-1)Y
(X€m, Y&Eq). Hence this mapping is everywhere open and therefore
U.c ¢ ' Mx~1is an open set in G. But ‘M =Ungy m'dm1 where ‘4 =4AN'G.
Hence U.g ¢ x'4x~! is an open set and we conclude from Lemma 11 that ‘G
is also open. Now G’ being the set of regular elements in G, ‘GDG’ and G’ is
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dense in G. Hence every connected component of ‘G contains some connected
component of G’. Define G/1<i=<r as in the corollary to Lemma 9 and
select a connected component G; of ‘G containing G!. Then Uj., ZG;DG’
and therefore every connected component of ‘G must intersect and therefore
coincide with 2G, for some 2&Z and some i. Hence ‘G =Uj., ZG;.

4. Some general facts about differential operators. Let V be a locally
connected topological space on each connected component of which there is
defined the structure of a differentiable manifold of class C* (or of an analytic
manifold) and dimension #. Under these conditions we say that V is a differ-
entiable (or analytic) manifold of dimension #. This definition differs from
the usual one in not assuming that V is connected. It has the advantage that
every open subset U of ¥V may now be regarded as an open submanifold of V.
Let C;(U) denote the set of all complex-valued functions on V which are
everywhere differentiable and which vanish outside a compact set contained
in U. Then C;(U) is a vector space over C and a distribution T on U is a
linear function on this vector space satisfying certain conditions of continuity
(see Schwartz [11]). Let D be a linear mapping of C;°(V) into itself and p a
point in V. We say that D is a differential operator at p if there exists a co-
ordinate system (4, * - -, ¢,) valid on some open neighborhood U of p and
having the following property. Let 9; denote the operators 3/d¢; (1 <i<n) of
partial differentiation. We require that there should exist a finite set of in-
definitely differentiable functions g;y...;; (1541, - - -, 4,21, 0=¢=r) on U
such that for every fEC.;(U),

Df = E E Giriz- 03104y * * * Figf
0S9=Sr 154;,-++,7¢Sn
on U and Df =0 outside U. (In case ¢ =0, 9,0;, - - - 9;,f should be interpreted
to mean f,) If D is a differential operator at every point of V, we say simply
that it is a differential operator (on V). Clearly the differential operators form
a subalgebra of the algebra of all endomorphisms of C; (V). In particular if g
is an indefinitely differentiable function on V the mapping f—gf (fEC; (V))
is a differential operator which we again denote by g.

Let C=(V) denote the space of all indefinitely differentiable functions on
V. Then any differential operator D also defines an endomorphism of C*(V).
In fact if fEC*(V) and p is a point in V, (Df)(p) = (Dg)(p) where g is any
function in C; (V) such that f—g is identically zero on some neighborhood of
p. It would often be convenient to denote the value of Df at p by f(p, D).
V being an analytic manifold, we say that D is analytic if Df is analytic at a
point p whenever f is analytic at p (fEC>(V)).

Now suppose D;, D, are differential operators on two manifolds Vi and V,
respectively. Then D =D, XD, is a differential operator on the product mani-
fold ViXV, (see Schwartz [11]). In fact if iEC=(V1), f2EC*(V:) and
g(p1, o) =f1(p1)fo(p2) (1 E Vi, p2EV2) then
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(Dg)(p1, p2) = f1(p1, D1)f2(p2, D).

We shall sometimes denote the value of Dk (hEC=(ViX V,)) at (p1, p2)
E Vi X Vs by k(p1, Dy; pe, D3).

Let L be a Lie group and let [, denote its Lie algebra over R .Then if L’
is a nonempty open subset of L, every X €l, defines a differential operator
on L'. In fact if fEC; (L"), Xf is given by f(x, X) = {df(x exp tX)/dt},_o
(xEL', t€R). It is well known (see Chevalley [2]) that [X, V]f=X(Y)
—Y(Xf) (X, YEI, fEC (L)) and therefore we get a representation of [y on
C>(L’). Let I be. the complexification of [, and & the universal enveloping
algebra of [ [6(a)]. We may extend this representation ( uniquely) to a repre-
sentation of  on C,; (L’) and therefore every element b &% defines a differen-
tial operator f—bf (fEC;(L')) on L'. Let bf(x) denote the value of bf at
x&L'.

LEMMA (%) 13. Let xo be a point in L' and b an element in L. If bf(x,) =0 for
every f&SC.° (L) then b=0.

Let X,, - - -, X, be a base for I, over R. We can choose a positive number
€ and an open neighborhood U of x, in L’ with the following property. If Q
is the open cube consisting of all points t= (4, - - -, £,) in R* with lt|
=max; It;| <€, the mapping

t— xo exp X(t)

where X () =6,X1+ - - - +2.X., is a one-one regular mapping of Q onto U.
Then it is obvious that if P(¢) is any polynomial in (¢, - - -, £,) with complex
coefficients, there exists a function fp &€ C;” (L’) such that fp(xoexp X (£)) = P(t)
for Itl =<e¢/2. In particular fp is analytic at xo and its Taylor expansion

1
fr(xoexp X(8) = 2, - (X&) ™f(x0)

m20
is valid if |t| is sufficiently small. Now M being an ordered set (m;, « - - , m,)
of n non-negative integers, put tM=("1 . . . {n ]Ml =m+ -+ - +m, and

let X (M) denote the coefficient of t¥ in (] MI N=Y(X(¢))' M. Then
P(t) = f(xoexp X(8) = 22 25 tMX(M)fp(x0)

m20 |[M|=m
provided It[ is sufficiently small. Hence if Py is the coefficient of ¥ in P(¢),
Prp=X(M)fp(x0). On the other hand the elements X (M) form a base for
Lover C (see [6(a)]). Therefore b = D a(M)X (M) wherea (M)EC and the
sum is finite. If » #0 we can choose M, such that a(M,) 0. Now put P =¢¥o,
Then
bfp(xo) = G(Mo) # 0.

(%) This lemma is attributed to Schwartz by Godement [5].
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This proves our assertion.

COROLLARY. Let D be a differential operator on L' and xo a point in L'.
Then there exists exactly one element bEQ such that f(xo, D) =>bf(x0) for all
fec: (L).

We keep to the notation introduced above. Since ¢, - - -, ¢, form a co-
ordinate system on U under the mapping t—x, exp X(f) and

myte ot my
mylmy! - - - mn'X(M)f(xo) = {W f(xo exp X(t))} o
for M= (my, - - -, ms) and fEC.* (L"), it follows from the definition of a dif-

ferential operator that there exists an element b= Y a(M)X(M)ES such
that f(xo, D) =bf(xo) for all fEC;"(L’). On the other hand the uniqueness of b
is an immediate consequence of the above lemma.

We call the element b of the above corollary the local expression of D at
x0. Lemma 13 shows that the representation of £ on C;"(L’) is faithful and so
we may identify elements of ® with the corresponding differential operators
on L’. In this way € becomes a subalgebra of the algebra of all differential
operators on L’. Moreover if X €Iy, X is an analytic differential operator on
L’ (see Chevalley [2]) and therefore the same holds for every bER.

Let x—Ad (x) denote the adjoint representation of L on I. We extend
Ad (%) to an automorphism of  over C and write a*=Ad (x)a (aER, xEL)
whenever it is convenient to do so. Now suppose L' is an invariant set which
means that xL’x~!=L’ for all x€L. Then for any function f on L’, define
f2 (xEL) to be the function y—f(x~lyx) (yEL’). We say that f is invariant if
f=f=for all x&L. It is clear that f—f* (fEC.; (L)) is a linear isomorphism of
C2(L') onto itself and if a €., f*(y, a) =f(x"'yx, Ad (x Va) (xEL, y&L').
We shall always denote by I’ (L") and I*(L’) respectively the sets of invariant
functions in C;°(L’) and C*(L’). D being any differential operator, the map-
ping f—(D(*™)= (fEC,° (L)) is also a differential operator which we denote
by D= In particular if DER, D==Ad (x)D and so this coincides with the
definition of a* (¢ €EQ) given above. We say that D is invariant if D*=D for
all x&€L. Let D, (yEL’) denote the local expression of D at y.

LemMA 14. If D is a differential operator on L',
Ad (2)Dy = (D?) oy~ (€L yeL).
Therefore D is invariant if and only if Dy.-1=Ad (x)D, for all x&€L and
yEL'.
If fEC7 (L), it follows from the definition of D* that
f(xyx~!, D%) = f='(y, D) = f=(y, D))
= f(xyz~*, Ad (2)Dy).
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Hence the lemma.

Similarly if 7 is a distribution on L', the mapping f—r(f=") (fEC; (L")
is also a distribution which we denote by 7 (xEL). Again 7 is said to be in-
variant if 7*=r for all x€L. Now suppose the group L is unimodular so that
its Haar measure dx is both left- and right-invariant. Let U be a (nonempty)
open set in L’ and F a complex-valued function on U. We say that F is locally
summable if it is measurable with respect to the Haar measure and [,| F(x) | dx
< for any compact set w contained in U. Corresponding to any such F,
we define a distribution 77 on U as follows:

() = [ f@F@ (f € C(U)).

If 7 is a distribution (defined on some open set containing U) we say that
7=F on U (or 7 coincides with F on U) if 7(f) =7#(f) for every f&C;’(U). Let
D be a differential operator on U. Then there exists a uniquely determined
differential operator D* on U such that

[ @pgiz= [ 1pia (f, g € CCW).

D* is called the adjoint of D. The mapping D—D* is obviously an anti-
automorphism of order 2 of the algebra of all differential operators on U. In
particular if g€ C*(U), g*=g. Now if 7 is a distribution and D a differential
operator on U, we define a distribution Dr by (D7) (f) =7(D*) (fEC;(U)).
In this way we get a representation of the algebra of differential operators
on the space of distributions. 7 is said to be an eigen-distribution of D if
Dt =cr where ¢ is a complex number. Let ¢ be the anti-automorphism of
such that ¢(X) = —X (X &I). Then it is obvious that X*=¢(X) if X €l and
therefore * =¢(b) for all 5&EQ. Moreover if U is an invariant set, it is easy to
see that a differential operator D on U is invariant if and only if D* is invari-
ant.

S. Differential operators on ‘M. Now let us return to the notation of
Lemma 7 and define ‘M as in the corollary to Lemma 8. Then ‘M is an open
submanifold of the Lie group M. Let B be the universal enveloping algebra
of g and M the subalgebra of B generated by (1, m) where

=p+ Z (CX.+ CX_.).

aEP—

Then I is the universal enveloping algebra of m (see Lemma 21 of [6(b)])
and therefore 8 and It are certain algebras of differential operators on G and
M respectively. For any bE®B let L, and R, respectively denote the linear
mappings a—ba and a—ab (a EB) of B. ¢ being an indefinitely differentiable
function on G, put ®(x; m) =¢(xmx~1) (xEG, m&E M). Then ®E€C*(GX M)
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and if Xy, - - -, X,Egoand Hy, - - - , H,Emy=m/\gy, we have
<I>(x, X\ Xy Xeym HHy- - - Hl)

grte
N {aul R auratl LRI al‘ ¢(xy(u)mm([)(y(u)) x~ )}

Ut jua0

where y(u) = expuX: - - - expu,X, and m(t) = exphH, - - exptH,
(ui, t; ER). Therefore, as a simple induction shows,

®(x, X1 X2+ X,y m, HiHy - - - H,) = ¢(axmx™!, w?)
where
w= (LAd(m"l)Xl - RxJ s (LAd(m“‘)X, - Rx,)(Hl -+ H,).

~ This suggests the lemma below. Let B X I denote the tensor product of B
and M and S(q) and S(g) the symmetric algebras over q and g respectively
(see [6(c), §2]). Then S(q) CS(g). Put O =X(S(q)) where \ is the canonical
mapping [6(c), p. 192] of S(g) onto B. Then if mE& M, it is obvious that
Ad (m)Q=2. Let S,(g) be the space of those elements in S(g) which are
homogeneous of degree r. We call an element b &% homogeneous of degree
7 if BEN(S,(g)) and of degree <rif bE D o<a<s N(Sa(g)). Similarly we say that
an element in® X M is of total degree =<7 if it lies in the space D _aresr Ba X D,
where B4 and M, respectively are the subspaces of B and M. consisting of
homogeneous elements of degrees d and e.

LEMMA 15. For each m& M there exists a unique linear mapping ', of
B X M into B such that T'(1 X v) =v and

Tn(X1Xs: - X, Xv) = (Lagagem™nx, — Rx,) -+ (Laaemnx, — Rx,)v

for all Xy, - - -, X,Eq and vEM. Moreover if m& ‘M, I',, defines a one-one
mapping of Q X M onto B.

The uniqueness of I's, is obvious and so only the existence requires proof.
Put

Ym( X1y ooy Xy ¥) = Lag (m—YHx, — Rx,) « o+ (Lag (mHx, — Rx,)v

formeM, X, -, X.EgandvEM. If 11, - - -, YV, isa base for go over R,
it would be enough to prove that if

Z Z C,’l_,',...,'jYﬁY.-z e Y," =0 (cir“i;‘ E C)
je=0 154y, -,i;Sn

then
Z Z 6:‘1;,.--.',7».(1’;1, Tty Y.‘,; v) = 0.

=0 154y, -+ ,i;Sn
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Now ¢ and ® being as above, we have seen that
®(x, Yy - - - Vijym,v) = ¢(xmax), b2) (x€06)

where

b= ym(Yi, Vip - -+, Vij50).
Hence we conclude that

0= z': > Ciyorois®(x, Vi + -« Y5 m, v) = ¢p(ama™, a*)
jm0 1541,++,i;Sn
where
a= > CiperrifY¥m(Yiyy o+, Yisw).
=0 1541, ++,i;Sm

Putting x =1, we get ¢(m, a) =0. This being true for every ¢ € C*(G), it fol-
lows from Lemma 13 that a =0.
Now we come to the second statement of the lemma. Put

A(m) = (Ad (m™*) — I),

and suppose m&‘M. Let B, denote the space of all elements in B of
degree <s and put B_,;= {0} Then B, mod B,_, (s=0) is spanned by ele-
ments of the form X,X,---X, where Xy, .-, X,Eg. Moreover if
(%1, %2, - -+, %) is any permutation of (1, 2,---, ),

XXz - X, — X Xiy - Xi, EBi
(see [6(a)]). Let Qasand M be the sets of homogeneous elements of degree
d in Q and M respectively. We shall prove by induction on s that

Z I‘m(o:i x~9:n¢) = %,.

dteSs
IfVy,---, Ys€qand Xy, - - -, X.Em,
Tw(Vi-- - VaX X1--- X))
= (LaatmYy, — Ry)) - - - (Laaemyra — Rra)(X - - - X,).
Put Dx=Lx—Rx (XE&g). Then since Dx®B,CB, (r=0), it is clear that
(Vi - Yax X1+ X))
= (Laemy, + Dy)) - - - (Laemya + Dya)(X1- -+ Xo)
= (AmYy) - (Am)Y X1+ - - X, mod Baye1.

This shows that I',,(Qa X M.) CB, if d+e=<s. Conversely since m&* M, A(m)
is nonsingular and so every element in g can be written in the form A(m)Y
(Y&q). But elements of the form Z, - - - ZgX1 X, - - - X, (Zy, - - -, Za€Eq,
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X, - -+, X.€Em) with d+e=s span B, mod B,_ and the order of the factors
is immaterial mod B,-1. Therefore

Z I‘m(ﬁd X SD}c) + %l—l D %:

d+ e=s

and so our assertion followed by induction hypothesis. Moreover since g is
the direct sum of g and m, B, and D_a4y.<, Qa X M. have the same dimension
(see Lemma 12 of [6(c) ]). Therefore I, must be one-one.

COROLLARY. If vy, v, €M, then T'n(vy X v2) EM(mEM) and

Tw(bvy X v2) = T(db X T'm(v: X v2)) (b €93).
It would be enough to consider the case when »;=X,X; - -+ X4 and
b=2Zy - -+ Z, where X; -+ X4€m and Z,, - - -, Z,Eg. But then our

assertions follow directly from the definition of I'n.

Let f be a mapping of an analytic manifold V into a vector space U. We
say that f is analytic if for every linear function u on U the function
p—u(f()) (pE V) is analytic on V. Put dy(m) =det (Ad (m~!) —1)q (mEM).
(In case q= {0}, we have to put d;(m)=1.)

LEMMA 16. For each b & D there exists a nonnegative integer r and an analytic
mapping vs of M into Q X M such that

Lu(ys(m)) = (di(m))d (m € M).
Moreover if the degree of b is <s, the total degree of yy(m) is also <s.

We shall use induction on s. It is obviously sufficient to consider the case
when

b—_—Yle"'YdX]Xz"’Xe

where V3, - - -, Ya€q, Xy, - - -, XsEm and d+e=s. Let P(¢, m) denote the
characteristic polynomial of A(m)=(Ad (m~')—1I)q in the indeterminate &
Then if ¢=dim q,

P(t,m) = 19 — ay(m)ie + - - - + (—1)%,(m)
where 0y, + - -, 0, are analytic functions on M and o,(m) =d,(m). Put
B(m) = (— )& {(A(m)* — ax(m)(Am) + - - - + (= 1)+ oga(m)T,)}
where I, is the identity mapping of q. Then B(m)A(m)=d(m)l,. Put

Zi=B(7n) Y; so that A(m)Z,-:d_,_(m) Y; (1:___1, cee, d). Also let
o(m) = @Y X ZiZsy -+ Zs
where the sum extends over the permutations (i, - - -, 40) of (1,2, -+ -, d).

Then it is clear that
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Lu(@m) x X1+ X,) = (@4:(m))3Y Yy V3X;--- X, mod B,_;.
Hence
bo(m) = (d4(m))% — Tm(Q(m) X X1+ -+ X;) € Baar
and in view of the definition of T',, it is obvious that m—by(m) is an analytic

mapping of M into B,-1. Therefore if by, - « -, by is a base for 8,1,
N

bo(m) = 3 ay(m)b,

i=1

where a;(m) are analytic functions on M. Now by induction hypothesis we
can choose integers ;=0 and analytic mappings vs; of M into Q X I such
that

T(ysu(m)) = (d(m))"s; (i=1,---, )
and the total degree of vs,(m) is £s—1 (mEM). Put r =max,<isy (d, 7:) and
N
vo(m) = (di(m))—Q(m) X X1+ - X+ 2, ai(m)(ds(m))—"iys(m).
Then v, is an analytic mapping of M into 8B,
Tm(ys(m)) = (dy(m))d

and the total degree of vy,(m) is <5 (m & M). This proves the lemma. _
Now put Q= D 451 Qq and let mE M. Then if bED, it follows from
Lemma 15 that there is a unique element 8,,(b) €I such that

b — 6m(d) = b — T'p(1 X 6,(d)) E Tr(Q' X M).

Moreover in view of Lemma 16, m—$,,(?) is an analytic mapping of ‘M into
0. Therefore it is obvious that there exists a (unique) analytic differential
operator 4(b) on ‘M such that 8.(b) is its local expression at any point
me& ‘M.

LeEmMA 17. If a €D and mE M,
(3(a))™ = 8(a™).

For any m& M, the mappings ¢g—¢™ and v—v™ (¢EQ, vEM) are linear
isomorphisms of Q and I respectively onto themselves. Hence there exists
a linear isomorphism of Q X I onto itself which maps ¢ X v onto g™ X »™, We
denote it again by Ad (m). On the other hand it is obvious from the definition
of T, (miEM) that

Ad (m)(Tm,(a X v)) = Trnmm-1(a™ X »™)
for €8 and vEM. So in particular if mE'M,
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a — T'my(1 X dm,(a)) € T'm,(Q" X M)
and therefore
a™ — Ad (m)(Tm,(1 X 3,(0))) € Tmmm=1(Q" X M)
since Ad(m)(Q’ X M) =" X M. This shows that
Smmm—i(a™) = Ad (m)(3m,(a))
and therefore it follows from Lemma 14 that (6(a))™=28(a™).

COROLLARY. If @ is an element in B such that a™=a for all mS M, then 6(a)
is an invariant differential operator on ‘M.

This is an immediate consequence of Lemma 17.

6. The relationship between invariants of the Weyl group and certain
differential operators. Let z be an element in the center of B. We shall now
try to determine the differential operator 8(z) on ‘M. Let us first recall a
few facts about reductive Lie algebras (see Koszul [9]). Let [ be a reductive
Lie algebra over C and let ¢ and I’ respectively denote the center and the
derived algebra of I. Then I’ is semisimple and if T' is a Cartan subalgebra of
I, it is obvious that I' =¢+I" where I =T'"\!’ is a Cartan subalgebra of I'. By
a root of | (with respect to I') we mean a root a of ' (with respect to I'V).
We extend « to a linear function on T by setting a(H) =0 (HE&c¢). Let w be
the Weyl group of I’ with respect to I'V. If s&w we also extend s to a linear
transformation on I' by setting sH=H (H&c). For every root a choose an
element X,70 such that [H, X.]|=a(H)X, for all HET. Introduce some
lexicrographic order among roots and let ay, - - -, a, be all the (distinct)
positive roots under this order. Denote by € the universal enveloping algebra
of [ and by U the subalgebra of ® generated by (1, I'). Let u—u® (x &) de-
note the automorphism of 11 which coincides with s on I'(s Ew).

LEMMA 18. Let B be the center of . Then for every z& 3 there exists a unique
element ¥’ (2) EW such that z2—v'(2) € X i1 X «;. Furthermore z—v'(z) (2E3)
is an algebraic isomorphism of B into U.

Ifc= {O} this is the same as Lemma 36 of [6(b)]. The proof in the general
case also is practically the same and so we shall not repeat it here.

Let us say that an element # €1l is an invariant (of ) if #* = for all s& .
Let J denote the subalgebra of U consisting of all invariants. Put
p=(an+ - - - +a,)/2 and let N\ denote the automorphism of 1l given by
ANH) =H—p(H)(HET). Define v(z) =\ (y'(2)) (2€3).

LEMMA 19. 2—(2) (2E€3) is an algebraic isomorphism of 3 onto J.

If c={0} this follows from the results of [6(b), Part II, see equation (13)
p. 71 and Lemmas 38 and 39]. In the general case let €, & and U’ be the sub-
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algebras of € generated by (1, ¢), (1, I') and (1, I'') respectively. Then 8 =¢'G,
83=38'C and J=J'C where B8’ is the center of & and J'=JNUW. Since
v(c) =c (c¢E Q) our assertion now follows from the corresponding result for I'.

For every automorphism 7 of [ let 5—b" (bE€Q) denote the corresponding
automorphism of L.

LEMMA 20. The mat ping v defined above is independent of the lexicographic
order of roots used in its definition. If T is any automorphism of | which leaves T'
invariant, then v(z7) = (v(2))" (2ER). Finally let b—b* (bEYQ) denote the anti-
automorphism of & which maps X on —X(X EV). Then v(z*) =(y(2))* (2E€8).

Let B be a linear function on I' and 7 an automorphism of [ such that
7'=T. Then we denote by 78 the function H—B(r—'H) (HEI). lf a is a
root, it is obvious that 7« is also a root and 7X,& CX,.. Now first suppose
T permutes the positive roots (a4, + + -, ;) among themselves. Then 7p=p
and if » is the automorphism of U given by v(H)=H+p(H) (HET), v com-
mutes with 7 (if the latter is regarded as an automorphism of U). Now let
2E 3. Then z2—v(y(2)) € Xi-1 X, from the definition of 7. Hence

2 — GO@) =27 = (@))€ 3 rXug = 3 8K,

tml t=]

Since 27 € 3, it follows from Lemma 19 that »(y(2")) =»((y(2))7) and therefore
v(27) = (v(2))". Now suppose 7 is any automorphism of [ leaving I" invariant.
Then (ray, - - -, Ta,) is the set of positive roots in a suitable lexicographic
order and hence there exists(?) an element s € such that (say, - - -, sa,) and
(re4, - - -, Ta,) are the same apart from order. As is well known s can be ex-
tended to an “inner” automorphism(®) of . Then z*=2z (2€3) and 7’/ =7s!
permutes (a1, - - -, o) among themselves. But then z'=2z" and (y(2))*
= (y(g))” since (v(2))*=v(2) (2€38). Hence in view of the above proof,

(@) = v(") = (v(®)" = (v(x)".

Now put », =7pr~! (7 being regarded as an automorphism of ). Then »,(H)
=H+1p(H) (HET) and »,(y(2")) = (v(v(2)))". This shows that

g" — y,('y(z’)) = (Z - v(.y(z)))r e Z BX'ra.--
i=1
Replacing z by 27, we get

(") This follows from the fact that one fundamental system of roots can be transformed
into every other (apart from order) by an element of m (see Weyl [14(b)] and [6(f), Corollary 2
to Lemma 4]).

(®) This means that there exists a transformation of the adjoint group of [ which coincides
with s on T' (see Weyl [14(b)]).
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2 — v(v(2)) € 20 8xXra, (z € 8).

=1
Now (af, - - -, /) being the set of all positive roots in any other order,
put p’=(af + - - - +a/)/2 and let ¥’ be the automorphism of U given by

V(H)=H+p'(H) (HET). Then in order to prove the first statement of the
lemma, we have to show that

2= V(2(2) € T X,

1=1

But, as has already been mentioned above, we can choose(’) an element
s&w such that the two sets (o, - - -, &/) and (say, + + -, so,) are the same.
Then p’ =sp and therefore »' =», and

5= V(@) = 5 = n(4(®) € 3 Woe, = 30 X

t=1 1=1

Now we come to the last part. One proves without difficulty by using the
notion of rank (see [6(b), p. 79]) that actually

2= 1(1(2) € Y X-alXa (z € B).

154,jSr

Hence

* — ((v(2)* € 2 XanX—a{'

154,jSr

Define the automorphism »* of U by v*(u) =(w(u*))* («€EWN). Then v*(H)
=H—p(H) (HET) and if we replace z by z* in the above equation, we have

2= (v@ENN E 2 XafX o

154¢,jSr
On the other hand it is obvious that under a suitable order (—ey, - - -, —a,)
is the set of all positive roots. Since —(au+ - - -+ +a,)/2 = —p, it follows from

what has been proved above that

z — v*(v(2)) € i LY _a,.

This shows that y(2) = (y(2*))* and therefore v(z*) = (v(2))* (zE3).

COROLLARY. If 7 is any anti-automorphism of & such that I'=1and I''=T,
then (27) = (v(2))" (2E€3).

The mapping b—(b7")* is obviously an automorphism of £ which leaves |
and I' invariant. Hence the corollary follows from the above lemma.

We shall now apply Lemma 19 to our problem. Let 8 and B denote the
centers of B and M respectively and U the subalgebra of B generated by
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(1, b). Let W be the Weyl group of g (with respect to §) and W_ the sub-
group generated by the Weyl reflexions s, corresponding to aEP_. Also
denote by J and J_ respectively the subalgebras of U consisting of all invari-
ants of W and W_. It is obvious that m is reductive and § is a Cartan sub-
algebra of m. Then in accordance with Lemma 19 we have the isomorphisms
z—y(2) (2€8) and w—y_(w) (WEBx) of B and By onto J and J_ respec-
tively. Since JCJ_, there exists an isomorphism z—u(z) of 8 into 8y such
that y(2) =v-(u(2)). The significance of u is expressed by the theorem below.
First let us recall that d.(m) =det (Ad (m~1) —I)q5%0 if m & M and therefore
]d.,.l V2 and |dy|~Y? are analytic functions on ‘M. Moreover u(z), being an
element of M, is a differential operator on M.

THEOREM 1. If 2E 3 and 7 is an invariant distribution on ‘M, then
b0 = | dy )| dy 1),

Let D= Id.,.l ~U2y(g) o Id.,.l 2 where o denotes the operator product. It is
clear from Lemma 7 that |dy|="2, u(z), |d+| U2 are all invariant differential
operators on ‘M. Therefore D is also invariant. Also 8(2) is invariant from
the corollary to Lemma 17. Put ® =4(2) —D. We have to show that 7(0*f) =0
for any fEC;° (*M). Let M* be the analytic subgroup of the adjoint group of
go corresponding to mp,. Then M* is compact. Put g"“= g™ (gE€C (M),
m*C M*) where m is any element in M (see Lemma 7 for notation) whose
image in M* is m*. Moreover normalize the Haar measure dm* on M* in
such a way that fy*dm*=1. Then since r and ®* are both invariant, it is
clear that

7(8%) = 7((O*)™) = r(®*(f™)) = (8*)

where
Jomy = [ gocmyam (m € 10,
M

Since fEI7(‘M), it would be enough to prove that O*g=0 for every
gE€I; (*M). On the other hand if dm is the Haar measure of M and fEC;*(* M),
gEI’(*M), it is evident that

ff@*gdm = ff@)*gdm =f(®f)gdm

where f is defined as above. Hence it is sufficient to prove the following
lemma.

LemMaA 21. If fEI7 (M), ©f=0.
G’ being the set of regular elements in G, put A’=4ANG’. Since Of
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€I (*M) it would obviously be enough (see Lemmas 7 and 8) to show that
f(h, ®) =0 for hEA’. For this we need some additional results which will be
obtained in the next two sections.

7. Differential operators on A’. Put 8= .cp(CX.+CX_.) and
8_= wcr_ (CXo.+CX_.). Then g=8+b, m=8_+band §=q+8_ where all
sums are direct. Let S(8) and S(8_) denote the symmetric algebras over 8 and
8_respectively and & and &_ their images in 8 under the canonical mapping
of S(g) onto B. Let &, be the space of homogeneous elements of degree r in
. Put & = 2,21 &, and & =&_N&'. U being the subalgebra of B gener-
ated by (1, b), it is obvious that 8 = Sl and M = S_1U (see [6(c), Lemma 12]).
Let T',, (m&E M) denote the mapping of Lemma 15. Notice that A’C*'M and
ucm.

LEMMA 22. If h€A’, T}, defines a one-one mapping © X U onto B and also
a one-one mapping of S_ X U onto M.

The proof of these statements is exactly parallel to that of Lemma 9.
We note that Bg=&'U+Uh and in view of the corollary to Lemma 15,

Tah X 1) = Tall X Ta(h X W) = {0} (h € 4)
since T'»(h X U) = {0}. Hence applying the same corollary once again, we get

Mi(Bg X U) = Tw(&U X U) C (€ XU).
This proves that
i@ XU =Tu® XU (k€ 4)

where 8’ =8g. Similarly T';»(&~. X 0) =T, (M’ X U) where P’ =Mm.

For each root a let £, be the character of 4 given by Ad (h)X.=£a(h) X
(h€A) and consider the multiplicative group o= generated by all £&,. Also let
oZ_ be the subgroup of o= generated by £, (¢ €P_). We denote by = the space
of finite linear combinations of characters in & with coefficients in C. Obvi-
ously Z is a ring under ordinary multiplication arid the subspace Z_ spanned
by oZ_ is a subring of . Put

d(h) = det (Ad (h7Y) — I)s, d_(h) = det (Ad (A7Y) — Ie-
where the subscripts denote restrictions to the corresponding subspace.

LeEMMA 23. For each bEB we can choose elements v, - - -, 'snEB X U,
&, - - -, ENEE and an integer r =0 such that

N
m(zam)=wmw

1=1

forall hEA.

Define B, (s= —1) as in the proof of Lemma 15 and suppose b&E3, (s =0).
We shall use induction on s. Let X3, - - -, X, be a base of g consisting of the
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elements X,, X_, (¢©P) and a base of §. Then it is obviously sufficient to
consider the case when b=Y1Y, - - - ¥, where each Y; is equal to some X;.
Since the order of the factors is immaterial mod ®B,_;, we may assume that
Y;Eh for t <j<s while V&b for 1 <j=<t. Also we may suppose that =1 for
otherwise if t=0, 5&U and T,(1 X b)=b (h€A4). Put V., - - - V.=uClU
(=1 if t=s) and let n; be the character of 4 given by Ad (k) YV;=9:(h) Y;
(1=:=t). Then n;=§. for some root a and therefore 7;(k) =1 if h&A’. For
any j(1=j=¢) put y;=7Y; - - - Y. Then(’)

Ta(y; X #) = (Laasy; — Ry)Ta(yier X )
= (Ad (F)Y; — Y )Tu(yis1 X %) + [V, Ta(yivs X w)]
= (ni(F™) = DY ;Ta(yip1 X %) + [V, Ta(yia X w)].

Therefore it follows easily by induction on ¢—j that for each j we can choose
elements 6;;EB,41—j-1, {i;EE (1 =i =< N;) such that

N;
Ta(y; X u) = IIS (n(BY) — Dy + 2 ¢ai(B)b;.
iSist i=1

Putting j=1 and ba=b;, fu=¢i, 1515 N,

TPy Vo X w) = L) = Db+ 3 (Wb

i1
Also it is obviously possible to find an integer 220 and {,EZE such that
to(h) II i(r ™) — 1) = (d(k))* (h € 4).

1SisSt

Hence if we put vo=(Y1Y, - - - ¥,) X u,
N1
Tafo(m)vo) = (d(m)*b6 + 32 so(A)¢s(h)b;.
j=1
Since X is a ring and #,E8,-1 (1 =j < N,) our assertion now follows from the
induction hypothesis.

If b&®B and h&A’, we conclude from Lemma 22 that there exists a unique
element (3,(b) €U such that

b — Bi(d) ETW(® X U) = Tu(® XN

Define v;, §; and 7 as in Lemma 23 and choose #; U such that v;— (1 X u,)
€8’ X U. Then since d(h) is never zero if hEA’, it is clear that

N
Bu(d) = (d(B))~" 22 t(h)u; (ke 4.
i=1
Thus we have obtained the following result.

(%) If a1, a; are two elements of an associative algebra, we write [a,, a;] =010 —a20.
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COROLLARY. If bESD, 1t is possible to choose elements uy, - - -, uyEU,
&, + - -, ENE(E and an integer r 20 such that

N
Bu(d) = (d(R)~" 22 E(W)us
i1

for all hEA'.

Now suppose b&I and rEA’. Then from Lemma 22 we can choose
boEU such that b—5,ET4(S. X U). But

Ti(&2 XU) CTA®' X1
and so, in view of the uniqueness of 8,(b), we conclude that bo=0,(b). Hence
b— Ba(d) ETA(S! XU) = Th(I X U).

The following lemma and corollary are proved in the same way as Lemma
23.

LEMMA 24. For each bEIN we can choose elements vy, - - -, onEM X U,
&, - - -, ENEE_ and an integer r 20 such that .

n( }i: &) = (@)D

for all hEA.
COROLLARY. If bEM it is possible to select elements uy, - - -, un€1U,
£, + - -, ENEE_ and an integer r =0 such that

N
Ba(®) = (d—(B))™ 2 £(h)us
for all hEA’.

We now regard A’ as an open submanifold of the Lie group 4. It follows
from the above results that for each b E® there exists an analytic differential
operator B(b) on A’ whose local expression at hE A’ is B1(b).

LEMMA 25. Suppose bEMM and fEI*(*M). Then if h&A’,
f(h, b) = f(h, Bu(D)).
Since b—B4(d) ETH(IM’ X 1), it would be enough to prove that f(k, a) =0
if a€TH(JM X ). It is clearly sufficient to consider the case when
a=I‘;.(X1~-°X,XH1H2---H,)

where X, - - -, X,EmNgo (r=1) and Hy, - - -, H,Ehy (s20). Put m(u)
=exp (w1 X1) - - - exp (u.X,), h(t) =exp (WH1+ - - - +t.H,) (u;, t;ER). Then
as we have seen in §5,
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f(h, a) = {(6'+‘/au1 « s Qu,0ty - - - At,) f(m(u)hh(t)(m(u))‘l)}.,,.-g,.-o.

But since f is an invariant function and » 2 1, the right-hand side is zero. This
proves the lemma.

COROLLARY. Let g be the restriction on A’ of a function fEI*(*M). Then if
bEDB, d(b)f cotncides with B(b)g on A’.

Let £ be a point in A’. Then g(k, B(b)) =g(h, Br(d)) =f(k, Br(b)) and
f(h, 8(b)) =f(h, 8x(b)). Therefore, in view of the above lemma, it would be
enough to show that (34(8.(8)) =84(b). But

b — 8i(b) € TA(Q' X M)
and M=T4(&_ x U) from Lemma 22. Therefore

TW(Q' X M) = T'u(Q' X TW(@&_- X 1))
=TH(Q'G_ X U) CIB' XU

from the corollary to Lemma 15. On the other hand
3x(b) — Br(dx(b)) € Tw(B' X 1)
and therefore
b — Ba(8a(d)) € TH(B' X ).

This proves that 8,(d) =B4(04(0)).

8. Determination of 3(z) in terms of the invariants. As before (§6) let
W and W_ respectively be the Weyl groups of g and m (relative to ) and let
J and J_ be the corresponding subalgebras of invariants of 1. In §6 we have
defined the isomorphisms vy and y_ of 8 and By onto J and J_ respectively.
(We recall that By is the center of I.) The operators 8(z) and B(w) can be
expressed in terms of ¥(z) and y_(w) (2E€3, w&E ) as follows.

THEOREM 2. If 2E 3 and w& By then
B = |d[" 2y o |d|t2,  B(w) = |d_["2y_(w)o |d_|
as differential operators on A’. (Here o denotes operator product.)

Assuming this for a moment, we shall now prove Lemma 21 and thus
complete the proof of Theorem 1. Let 2& 3 and fE I (*M). Then as we have
seen in §6, it is enough to prove that ©f is zero on 4’. Let g denote the restric-
tion of f on A’. Then by the corollary to Lemma 25 and Theorem 2, §(z)f
coincides on A’ with B(z2)g= Idl —I/W(z)(] dI 29). On the other hand v_(u(z))
=v(2). Therefore again from Theorem 2 and the corollary to Lemma 25,
|di]|=Y2u(2) (| d4| V%) coincides on A’ with | d|~1/2y(z)(| d| ¥2g) since d =d.d_.
This proves that Bf vanishes identically on 4’.
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We now come to the proof of Theorem 2. Put
= 8 — | a1y o | dfim,
V¥ = B(w) — | d_|"*2y_(w)o | d_|r2

Then we have to show that =¥ =0. Put G*=Ad (G)~G/Z and x*=Ad (x)
(x&EQG). It is obvious from its definition (see Lemma 15) that I',, depends only
on m* (m& M) and therefore B4(b) (b&B) only on h* (hEA’). Since the same
holds for d(%) and d_(k), we can regard ® and V¥ as differential operators on
A’* and it would clearly be enough to prove that #=¥ =0 on A’*. Let G,
be any connected Lie group whose Lie algebra is go. Then the adjoint groups
of G and G, are the same and hence the above argument shows that it is
permissible, for the proof of our theorem, to replace G by G,. Therefore if G.
is the simply connected complex analytic group with the Lie algebra g, we
may assume that G is the real analytic subgroup of G. corresponding to go.
Let A. and M. be the complex analytic subgroups which correspond to §
and m respectively. Then we know from Lemmas 3 and 4 that ACA4. and
therefore (see Lemma 7) M CM,. Now b, regarded as an additive group, is
locally isomorphic to 4. under the exponential mapping and so it is a complex
Lie group whose Lie algebra is also §. Therefore elements of 11 may now be
considered as (holomorphic) differential operators on §. Let §); be the complete
inverse image of A (under the exponential mapping) in §). Then b, is closed
and therefore it is a (real) Lie subgroup and its Lie algebra is . Put

AH) = [] (ex®riz — g—atniz),
aEP

A_(H) = g (e /2 — g—atH)[2) (H €Y).

Then it is obvious that

d(exp H) = (—1)"A(H)?,

d_(exp H) = (—1)*A_(H)? (H € )
where 7 and s are the numbers of roots in P and P_ respectively. For any
function X on § and sE W, let A* denote the function H—\(s"'H) (HEY).
(If X is a linear function we write s\ instead of A2.) Then for any root «, sa
is also a root and therefore A*=¢(s)A where €(s) = £ 1. Similarly if sEW_,

it is clear that A’ =e_(s)A_ where again e_(s) =+ 1. But if s, is the Weyl
reflexion corresponding to a root « ©P_, it is known (see Weyl [14(b)]) that

€(5a) = €_(so) = —1. Therefore since € and e_ are both homomorphisms, it
follows that e(s) =e_(s) for all s& W_. This shows in particular that if
AH) = I (ext®i2 — gmai2) (He),
«EPUP,

then A% =A, for all s& W_. (We shall need this result a little later in §10.)
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Consider the open submanifold §’ of § consisting of those points H where
A(H)#0. Then b =§’Nb, is the complete inverse image of A’. We regard
bi as an open submanifold of the real Lie group b;. It is obvious that cor-
responding to any differential operator D on A’ there exists exactly one
differential operator D on §{ with the following property. If fEC®(4’) and
f(H) =f(exp H). (HEW!), then f(H, D)=f(exp H, D). Moreover D=0
if and only if D =0. Hence it would be sufficient to prove that $=¥=0. It is
clear that

® = B(z) — Ay(z) 0 4,
¥ = B(w) — AZ'y_(w) o A_.

Let F and F_ be the additive groups generated by the roots & in P and P_
respectively. Then it follows from the corollaries to Lemmas 23 and 24 that
we can choose elements ay, - - -, 6,EF, 71, -+ -, T,&F_, wy, - -+, up,
v, * -+, ¥,EU and two integers 7, k=0 such that
P
®=A" Z e%iu;

=1

_ —k &
¥ =A_ Y eiv;
i=1

Now suppose 0. We may assume that gy, - - -, 7, are all distinct and
u;7#0 1 =1=p. Let Fr be the space consisting of all real linear combinations of
the roots . Then a lexicographic order is defined in §z (see §2) and hence F
and F_ are ordered groups. Let o, be the highest element among (a4, - - -, 7}).
Put P=2—12ae p a and suppose » is an irreducible representation of g on a
-finite-dimensional space V with the highest weight A. We denote the cor-
responding representations of 8 and G. also by ». Let x be the character of
v on G.. Then if A’=A+p one knows (see Weyl [14(a)]) that

x(exp H)A(H) = 2 e(s)e*s" ) (HEDY).
EW
On the other hand x(xyx~!) =x(y) (x, yEG,) and so as we have seen during
the proof of Lemma 25, x(k, a) =0 if k€A and a €T (B’ X U). This implies
that x(k, b)=x(k, B»(6))(bEB, hEA’) and therefore if x(H)=x(exp H)
(HEY) and Bu(b) denotes the local expression of 8(b) at HEW{, it follows
that

x(H, Bu(z)) = x(exp H, 2).

Now ¢ being a linear function on §, we may extend it (uniquely) to a homo-
morphism of Ul into C such that ¢(1) =1. Then it is known' (see [6(b), p. 73])
that »(2)¢ =A’(v(z))¢ for any ¢ &V and therefore
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zx = A (y(2)x.
In view of our result above, this implies that
x(H, Bu(2)) = A'(v(2)) x(H) (H €bl).

Put x’=xA. Then since v(z) €J, it follows from the formula for x’ given
above that

X'(H, v(2)) = N(y(2)x'(H) (HEb).

Therefore
X(H,®) = %(H, Bu(z)) — A(H)7'X'(H,v(2)) = 0

for HEY! . On the other hand let A=A, - - -, Ay be all the distinct weights
of v and let #; be the multiplicity of A; (1<4¢=<N). Then A;EFr and A;<A
2=<¢<N and

N
X(H) = x(exp H) = 3 nighi® (H € D).
=1
Therefore it follows from our formula for & that

— P Ny
0= %(H,®) = AMH)™ 20 2 nidi(w) exp (a:(H) + As(H))
=1 j=1
for all HEY]. But since h{ contains the nonempty open subset §/M\p’ of by,
it is obvious that a meromorphic function on § cannot vanish everywhere on
b{ unless it is identically zero. Therefore
p N

2 2 nihj(ug)essthi = 0.

i=1 j=1
But o;4+A=0,+A;>0:+A; unless i=j=1 and the exponentials of distinct
linear functions are linearly independent (see for example Lemma 41 of
[6(b)]). So it follows that A(%;) =0. On the other hand if /=dim,. b, there
exist ! linearly independent elements Ay, « + -, NyEFr such that for any set
(my, - - -, my) of non-negative integers Ag=mN\i+ - - - +mi\;is the highest
weight of some irreducible representation of g (see [6(b), Theorem 1]).
Therefore Ao(u,) =0 for all such Ag and from this we can conclude (see Lemma
22 of [6(b)]) that #,=0. However this contradicts our hypothesis and so
&=0.

Now we come to ¥. Again assuming that ¥0, we may suppose that
T1>Te> -+ + - >7ein F_ and v;#0 1=<j=gq. », A and V being as above, let
¢ =0 be a vector in V belonging to the weight A. Then if U=»(M)¢, we get
a representation », of M. on U which is irreducible (see Lemma 2 of [6(H)]).
Obviously A is the highest weight of »,. Hence if x1 is the character of » and
A”=A+p_ (wherep_=2"1 Eaep_a), we have the formula (see Weyl [14(a) ])
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xiexp H)A(H) = 2, els)eh" e (H € D).
s&w

We can now apply the above argument to x; (instead of x) and conclude that
A(v1) =0. Again this implies that ;=0 and so we get a contradiction. Hence
Theorem 2 is now proved.

9. Eigen-distributions on ‘M. Let 7 be an invariant distribution on ‘M.
Since 8(z) (2E€3) is an invariant differential operator on ‘M (see the corollary
to Lemma 17), 6(2)7 is also invariant. Therefore it follows from Theorem 1
that §(2122)7 = 8(21)0(22)7 (21, 22E8). We shall say that 7 is an eigen-distribu-
tion of B if it is an eigen-distribution of §(2) for every &€ 8. In case this is so,
it is clear that there exists a homomorphism x of 3 into C such that 8(2)r
=x(2)r (€ 3). The following theorem is the main result of the above theory.

THEOREM 3. Let T be an invariant distribution on ‘M. Then if it is an eigen-
distribution of B, it cotncides with an analytic function on ‘M.

Define J and J_ as in §8. Then J_DJ and since W is a finite group, it
follows from the theory of invariants (see Weyl [14(c), p. 275]) that J has a
finite number of generators (over C) and U is a finite module over J (see [6(c),
p. 200]). Therefore J is a Noetherian ring and hence by a well-known theorem
in algebra (see van der Waerden [13, vol. II, §99]) J_ is also a finite module
over J. Hence any element w’ & J_ satisfies an equation of the form

w7+ y(@)w' o + -+ y(z,) = 0

where 2, - - -, 2,&8 and g is a positive integer. Now the notation being as
in §8, let wE 8y and put w’ =vy_(w). Then by applying the isomorphism y='
to the above equation, we get

w + p(z)w™t 4 - - - 4 u(z,) = 0.

Now put 7/ =|d.|?r. If x is the homomorphism of 8 into C corresponding
to 7, it follows from Theorem 1 that u(z)7’ =x(2)7’ (3€3) and therefore since
Bu is abelian,

wor’ + x(z)wo " + - - - + x(z,)7 = 0.

Let Hy, - - -, H, be a base for hM\p over R. Since —B(X, X) (XE¥L) is a
positive-definite quadratic form cn f,, we can choose a base X3, - - - , X, for
me, over Rsuch that —B(X;, X;) =6.; (114, j=<r) where 8;;=1 or 0 according
as i=7j or not. Put

O=H+ - +H+Xi+ X+ + X

It is well known that X3+ - - - +X? lies in 3, and therefore the same holds
for [J. Hence in view of what we have said above, 7’ satisfies an equation of
the form

O + a7 4+ - - - 46,7 =0
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where ¢, - - -, ¢, are complex numbers. But it is obvious from its definition
that the analytic differential operator [] is of the elliptic type (see Girding
[3]) everywhere on M. The same therefore holds for

O+ a7+ - +c

and so we can conclude from the work of Schwartz [11, p. 136] and John [8]
(see also [3]) on the generalization of the classical Bernstein Theorem to dis-
tributions, that 7/, and hence also 7 are analytic functions on ‘M. This proves
the theorem.

We shall now try to determine 7. Put ‘4 ='MMA4. Then it is obvious from
Lemma 7 that ‘M =Ungx m'Am~" and since 7 is an invariant analytic func-
tion, it would be enough to know its restriction on 4’ =AMNG’ (see Lemma 8).
Let o’ denote the restriction of 7/ = |d+| 12r on A’. Since u(2)7' =x(2)7' (2E€38),
we conclude from the corollary to Lemma 25 that 8(u(z))e’ =x(2)o’. On the
other hand

Bu(@) = |d_|"*y(z) o | d-|112
from Theorem 2. Therefore if o(h) = Id(h)[ V2r(h) (hEA'),
v(2)e = x(z)o (z € B).

Let us now assume that 740 so that ¢ 0 and x(1) =1. Then from Theorem 5
of [6(b)], there exists a linear function A on b such that x(z) =A(y(2)) for
every 2E 8. Moreover the linear functions sA (s& W) are the only ones which
have this property so that A is uniquely determined by x up to an operation
of W. Since v is an isomorphism of 3 onto J we obtain the following differen-
tial equations for o.

vo = A(v)o (v € J).

Define u* (uEWU, sEW) as in §6. Then U being abelian, we can, for any
u &\, consider the polynomial

ILG—w) = +ogtt -+
EW

in the indeterminate { with coefficients in J. (Here w is the order of W.) Re-
placing { by u, we obtain the identity

wH w4+, =0
which when applied to o gives
we + A(w)u e + - - + Alv)o = 0.
On the other hand since A is a homomorphism of 1, it is obvious that

II ¢ — A@w®)) = ¢ + ADe + - - - + Ava).
EW
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Therefore the above equation can be written in the form

II (w — A(u*))e = 0.
EW

Thus we have obtained the following result.

LEMMA 26. Let o (h) =|d(h)| /*r(h) (h€A") where T is the analytic function
(on ‘M) of Theorem 3. Then there exists a linear function A on Y such that

vo = A(v)o
for every v&J. Moreover if r#0, A is unique up to an operation of W and
Il (v — A@w))e = 0

EW
for all ucl.

In order to obtain more precise information about ¢ from the above
lemma we first need some simple facts about differential equations of a cer-
tain type. Let I be an open interval on the real line R. We denote the variable
on R by t and the differential operator d/dt by 9. Let P({) 0 be a poly-
nomial in an indeterminate { with complex coefficients.

LEMMA 27. Let £ be an analytic function on I such that P(3)E=0. Then
E@)=p1(t)erMt+ - - - +p,(t)eMt ((ET) where by, - - -, P, are polynomials (with
complex coefficients) and Ny, - - -, N, are all the distinct roots of the equation
P(§) =0. If u; is the multiplicity of the root \; of P, the degree of p; is less than
ki (156<5s).

Although this lemma is undoubtedly known, we give a short proof for
the sake of completeness. Without loss of generality we may assume that the
origin lies in I. Let 7 be the degree of P. First we claim that if (7)o =0,
0=j=r, then £=0. For otherwise if ™ is the lowest power of ¢ appearing in
the Taylor expansion () =agt™+ayi™t'+ - - - around t=0 (a;EC, a,70),
it is clear that m >r and therefore the coefficient of {»~" in the Taylor expan-
sion .of P(0)£ is not zero. Hence it follows easily that any 741 solutions of
the differential equation P(d)E =0 which are analytic on I must be linearly
dependent over C. On the other hand it is easy to verify that the functions
teerit (0=q<pmi, 1=7=<s) constitute a set of r linearly independent solutions
of this equation. Hence £ must be a linear combination of them.

COROLLARY. Let U be an open connected set in a Euclidean space E of

dimension I over R and let (4, - - -, t:) denote the Cartesian coordinates in E.
Put 3;=09/0t; i=1, - - -, 1) and let Py({), - - -, Pi({) be nonzero polynomials
of degrees 11, - - -, ry respectively in the indeterminate ¢ with coefficients in C.

Consider an analytic function & on U such that Py(3,)§=0 (1=5i=<!0). Then tisa
linear combination with complex coefficients of functions of the form
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m; m m A ceedA

tlltzz L. l;l elh+ it
where my, - - -, my are integers, \; is a root of the equation P;({) =0 of multi-
plicity pu; and 0=m; <p; (1=:<Z)).

Put r=ry, - - - r;. It is easy to verify that the functions written above
form a system of 7 linearly independent solutions of our differential equations
(see Lemma 41 of [6(b)]). Hence it is enough to prove that any +1 analytic
solutions are linearly dependent. Again we may assume that the origin lies
in U. Then the equations (870% - - + 1) s—...2t;=0=0, 0=j:<r;, 1S9 are
exactly 7 in number. Hence given 41 analytic solutions &, - - -, £-41, we can
choose ¢;&C (1<i=<r+1), not all zero, such that é=c&i+ - - - +crpbrn
satisfies these 7 conditions. We shall now prove that £=0. Since £ is analytic
it is enough to show that it is zero in some neighborhood of the origin. Hence
it would be sufficient to prove the following lemma.

LEMMA 28. Let € be a positive real number and U the cube |t.-| <e(1=:=))
in E. Suppose & is an analytic function on U such that Py(9:)§=0 1=i<!] and

i, 72

(8192 91'B) tymevemtym0 = 0
0§j1<7’1, ey, 0§j1<7’1. Then£=0.

We use induction on [. If ]=1 we have seen during the proof of Lemma 27
that our assertion is true. So assume /=2 and let U denote the section of U
defined by t;=0. Let £; be the restriction of £;=0{£ on U (0=<j<r;). Then it
follows from our induction hypothesis that £; is identically zero. For fixed
by, -, i (] <6, i=1, - -, I—=1) put q(t) =£t, - - -, i, ) (2] <e).
Then (879)mo=E(t1, - * -, ti-1) =0 and Py(d)n=0 where d =d/dt. Therefore
7 =0 by the case /=1 and so this proves that =0 on U.

After this preparation we return to our problem of determining a. Let A,
be a point in A’. We can choose an open connected neighborhood U of zero
in the real Euclidean space §, such that ko exp HE A’ for all HEU. Then
F(H)=0(ho exp H) (HEU) is an analytic function on U. As in §8 we can
regard elements of U as differential operators on b, and therefore also on U.
Then it follows from Lemma 26 that

II (w — A@w))F =0 (u € 1)
sEW
and
(v—A@)F =0 e J).
Let Hy, - - -, H; be a base for h, over R and let (4, - - -, t;) denote the cor-

responding Cartesian coordinates in }o. Then d;=H; and if

P = II ¢ — sA(H),
EW
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it is obvious that P;(0,)F=P;(H;)F=0 (1=:=!). Moreover sA(H,) (sEW)
are exactly the roots of the polynomial P;(¢). Hence it follows from the
corollary to Lemma 27 that

F = ple)\l + ce e 4+ pre)"

where p1, - - -, p, are polynomial functions and A, - - -, N, linear functions
on §. We may assume that Ay, « - -, A, are all distinct and p;=0 (1 =7=7). It
is obvious that ue* =N(x)e* (#EU) for any linear function N on ). Hence if
v&J,

0= (- AQF = X plov

where p! =(\:(v) —A(v))pi+q¢: and ¢; is a polynomial of lower degree than
pi. But the exponentials of distinct linear functions are known to be linearly
independent over the ring of polynomial functions (see Lemma 41 of [6(b)]).
Therefore p! =0 and so

Ai(v) = Av) 1=si=sn).

This being true for every v&J, it follows from Theorem 5 of [6(b)] that
Ni=s:A for some s;&EW. Now let W, be the subgroup consisting of those ele-
ments s&E W for which sA =A. Let N be the order of W, .We shall prove that
the degree of each p, is smaller than N. For otherwise suppose the degree of
p1is my and #, = N. It is easily seen that we can choose an element H,El,
such that A(H,) #sA(H,) (s&W) unless s& W, and the degree of the poly-
nomial p(t) =p1(tH,) in ¢t is ny. Put f(¢) = F(¢tH,). Then f is an analytic function
defined on some open interval [ in R containing the origin. On the other hand,
considering H, as a differential operator on U, we have the relation

F<tH0, II &, - sA(Ho))) =0 <.
sEW

From this it follows immediately that

II (6 = sA(Ho)f = 0
sEW
where d=d/dt. Put p! (t) =p:(tH,) and N/ =\;(H,). Then

1) = X pl e

i=1

Since N{, - - -, N/ are all distinct &', - - -, e** are linearly independent
over the field of rational functions of ¢ (Lemma 41 of [6(b) ]). Moreover as we
have seen A{, - - -, A/ are roots of the polynomial

11 ¢ — sA(HW)
sEW
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all whose roots are of multiplicity N. Therefore it follows from Lemma 27
that the degree of p(¢) =p{ (¢) cannot exceed N —1. This contradiction proves
our assertion.

We know from Lemma 7 that every element in 4 can be written in the
form a exp H where a lies in the center of MNK and HEW,. Let h; denote a
nonempty open connected subset of §, such that a exp HE'A4 for all HEY,.
Since 4’ is dense in A (Lemma 8), we can choose an element Hy& ), such that
a exp Hy=hoEA'. Moreover a being in the center of MMNK, it is obvious that

| d_(a exp H) [ = | d_(exp H) [? = eA_(H)

if H is sufficiently near H, in ;. (Here e= +1 and it is independent of H.)
Hence if we apply the principle of analytic continuation to the function
A_(H)r(a exp H) on ¥ we obtain the following theorem from our result
above.

THEOREM 4. Let 70 be an invariant analytic function on ‘M. Suppose T
is an eigenfunction of the operator 8(z) for every 2E 3. Then there exists a linear
function A on Y such that 8(z)T =A(y(2))T (2E3) and A is unique up to an
operation of W. If a is any point in the center of MMK and b, a connected com-
ponent of the set ‘B, of all points HEN, for which d;(a exp H) 70, we can select
for each sEW a polynomial function p, on Yy such that

A_(H)r(aexp H) = | dy(aexp H) |72 Y, p(H)ess®  (H € by).
EW

Let Wy be the subgroup consisting of those elements sCW for which sA=A.
Then under the assumption that p,.=p, (sEW, e EW,), the polynomial func-
tions p, are uniquely determined and their degrees are smaller than the order of
Ws.

The above formula is very similar to the one obtained by Weyl [14(a)]
for the character of an irreducible finite-dimensional representation of G.
Actually it is possible to improve our result in two ways. First of all we have
not yet made full use of the differential equations vo =A(v)o (vEJ) of Lemma
26. Secondly the fact that 7 defines an analytic function on ‘4 (and not merely
on A’) allows us to obtain a little more information about A and p,. We shall
however not pursue this matter here further.

10. An important special case. In this section we shall make the following
two additional assumptions. (1) o C¥Fy and (2) G has a faithful finite-dimen-
sional representation. Then G can be imbedded in a complex analytic group
G. with the Lie algebra g in such a way that the (real) analytic subgroup of
G. corresponding to g, coincides with G. In this case K is compact, 4= {1}
and M =K. Moreover if A, is the connected component of 1 in 4, Ao is a
maximal connected abelian subgroup of K. But K being compact, this im-
plies [12] that A, is maximal abelian in K and therefore 4 =4,. Hence 4



1956) THE CHARACTERS OF SEMISIMPLE LIE GROUPS 135

is connected. Moreover in this case there are no roots in the set P, so that
P=P,JP_.

Let u=f,+(—1)"2py and let U be the (real) analytic subgroup of G. cor-
responding to u. Then U is compact and K=GNU (see Cartan [1(a)] and
Mostow [10]). As before let W denote the Weyl group of g with respect to .
For each s&EW we can choose an element &€ U such that Ad (»)H=sH
(HEY) and therefore if we put k* =uhu~! (hEA), h—h* defines an automorph-
ism of A. For any function f on 4 we denote by f* (s€W) the function
h—f(i™) (REA).

For each root a we have the character £, of 4 given by &, (exp H) =ex®
(HENy). As before (see §7) let F and & be the additive and the multiplicative
groups generated by « and £, respectively (¢ & P). Then the mapping a—§.
(a€P) can be extended (uniquely) to a homomorphism A—& WNEF) of F
into ¢=. It is clear that if A€ F and sE W, s\ also lies in F. On the other hand
if p=2-1 Z,E p a and s, is the Weyl reflexion corresponding to the root «,
it is known (see Weyl [14(b)]) that s.p=p—ka where £ is an integer. Hence
s«p —pE F and from this it follows immediately that sp —p E F for every s& W.
Put £, =£,—, and

a =TI a-&).
«EP
Then
A'(exp H) = Q (1 — @) = A(H)e® (H € bo)
alcP
if A(H) is defined as in §8. Therefore (see Weyl [14(b)])
&= 3 o)k
€W
and
@)" = e(s)E, &’ (s EW).

As usual let I°(U) denote the space of invariant functions in C*(U). Also
we may regard elements of B as differential operators on U.

LEMMA 29. For any fEC>(A) there exists a unique function ¢, I°(U) such
that

A'(h)gs(h) = g: e(s)E(Rh)f*(R) (k€ 4).
144
Moreover for any b &8 we can select a finite set of elements a,, - - - , a,EW such

that
sup | b¢;| < sup |aif| + -+ + sup | af|
for every fEC=(4).
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Since U is compact, U=U.gv #4u~! ard the uniqueness of ¢, is obvious.
So only the existence requires proof. Let ® denote the set of all characters of
A. Put

a(f) = f 00K f (k) dk (f € Ca(4), 6 € ),

the Haar measure dk on A being so normalized that [4 dh=1. Let A¢ denote
the linear function on § such that 8(exp H) =M™ (HEh,). Then if we agree
to regard a linear function on § as a homomorphism of Ul into C (see §§8 and
9), it is clear that af =A4(a)f (aEU). Choose a base H, - - -, H; for o over
R such that exp (4#H1+ - - - +tH))=11in 4 if and only if &, - - -, t; are all
integers and put ao= {1—(dx?)~Y(Hi+ - - - +H})}*€U where & is any
integer greater than I/2. Then A¢(H,) =(—1)"227n; where n; =1, - - -, I)
are integers and therefore Ag(ao) = (14+ni+ - - - +u})*. Hence if M denotes
the sum of the convergent series

> A4+ m4 - 4 ap-n

—o<lny, .- ,n <0

it is obvious that

= L] = T adeo| [ o010k aoa
<=8 =) A

< M sup | aof| (f € C=(4)).

This proves that the series ZGGO co(f)0(k) is absolutely convergent on 4.
Moreover as is well known, it converges to f uniformly on 4. Hence

> e () = 2 colf) édes)s,,(h)os(h) (k € A).

Ew (1=

For every root « EP, put Ha=[X., X_.]. We may suppose that X., X_.
are so normalized that a(H,.) =2. Now define dy as follows:
A (Ha) + p(Ha)
eds = ][ e T Rre (6 € 0).
aEP p(Ha)
Here ¢ =1 if the right side (which is always real) is positive and —1 other-
wise. Then it is known (see Weyl [14(b)]) that

{eaxg(exp II)A(H) if dy # 0,

s eSP(H)eﬂAo(H) =
2 <) 0 if do =0

sEW

for all H& . Here x; is the character of an irreducible representation of U of
degree ds. Since A’(exp H) =e*MA(H) (HEDW,), it follows that

2 e()E(D)f (k) = ,é:, co(f) A" (h)esxa(h) (h € 4)

sEW
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if we agree to set xo=0 when ds=0. Now consider the series

2 eace(f)xo(w) (v € U)
[IS1°)
on U. We claim this series converges to a function in C*(U). Let Xy, - - -, X,

€u (r20) and consider the series
2 eoco(f)xo(s, X1Xa - - - X,).
1E8

For any 6 for which dy5£0 let o9 denote the irreducible unitary representation
of U on a finite-dimensional Hilbert space V corresponding to the character
xo. We denote the corresponding representations of g and 8B also by ¢s. Then

| xo(u, X1+ -+ X)| = |sp (co(w)oo(X1 -+ X»))| (» € U).

Now for any linear transformation T on V, let T* denote the adjoint of T
and put || T|| = {sp (TT*)} V2. Then |sp (T1T2)| =||T1||| /| for any two linear
transformations T, and T and therefore

| xo(t, X1 X -+ - X)) | < dolloe(Xy1 - - - X3)|

since ||go(x)|| =ds. On the other hand if X €u, —ae(X) is the adjoint of gs(X)
and therefore

lloo(X1 - -+ X2)||2 = sp a4(b)

where b=(—1)"(X, X, - - - X1)(X1 X2 - - - X,). On the other hand we can
choose 2;E 3 such that b can be written in the form

b=z + Y [bsyd!]
t=1

where b;, b! €8 (see Lemma 39 of [6(b)]). Then sp a4(b) =sp a4(z1). But in
view of the above formula for xg, it is clear that the highest weight of ¢ must
be of the form sAy —p where sEW and Ay =As+p. Therefore if =142, it
follows (see [6(b), p. 73]) that

lloo(Xs- -+ X S 14 |loa(X1- - XD)||2 =14 sp a(z1) = 1+ deAd (v(21))
< dohd (7(2))

where v is defined as in §8. This shows that
| xow, X+ X)) | < dadd ((v2)
which remains true also if dy=0 since then xs=0. On the other hand
do = Ad (a)
where a = { [Tocr p(H.) } 2]]ecr HEEWU. Therefore
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| x,(u, X1 A Xr) I § AO, (G‘Y(Z))
and

> leco(f)xo(w, X1+ XD | = 2 | col)AS (av(2)) | -
(1) €8

Let X denote the automorphism of U over C given by N(H) = H+p(H) (HEY).
Then if a’ =\(ay(2)), it is clear that

a'0 = Ad (av(2))0 (6 € 0).

Hence
co(NAL (av(2) = | 0(h, &) f(BV)dh = | 0KV f(h, a')dh
o(f)Ad (av(2)) f ( M(F) f (EHf( )

and therefore if a’’ =a.a’,

S (D X X0 | = 2| [ o1 a')dhl < Msup | af)

) €0
by our earlier result. Now if we introduce in C*(U) the topology which is usual
in the theory of distributions (see Schwartz [11, p. 68]), it becomes a com-
plete locally convex space and the above result shows that Eoee esco(f)xo
converges in C*(U) to some element ¢;. This implies in particular the uniform
convergence of ZOEO €escs(f)bxe on U to b, (bEB). Taking b=1 we see that
ZOEO esco(f)xs converges to ¢, uniformly on U. Therefore since the functions
xe are all invariant, the same holds for ¢; and so ¢, EI*(U). Moreover

A'(h)gs(h) = X co(f)es’ (R)xo()

(11

= 2 e()E(h)f*(h) (h E A4).

sEW
Finally it follows from the inequality obtained above that
sup | bo;| = M sup | a’f]

where 5 =X,X, - - - X,. Since every element in 8 can be written as a linear
combination of such elements b, the last statement of the lemma is now
obvious.

COROLLARY 1. Suppose f is a finite linear combination of elements in ©
and f*=f (sEW). Then there exists an invariant analytic function ¢ on U which
coincides with f on A.

For cs(f) being zero for all #E& 0 except a finite number,

ér= 2 co(f)eaxs

<o
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is a finite linear combination of irreducible characters of U and so it is
analytic. Now since ft=f (s& W),

2 ()Ef = f 2 ()t = JA.
EW EW
Hence A’ (k) (f(h) —¢;(h)) =0 (h€A). But since f and ¢, are both continuous
we can conclude that f(h) —¢s(k) =0 (A€ A).

Now introduce on C*(4) and C*(K) the topologies used in the theory of
distributions (see Schwartz [11, p. 66]). Obviously I*(K) is closed in C*(K).

COROLLARY 2. For any fEC=(A) there exists a unique function F,&I*°(K)
such that
N(BF,(h) = X ()t (W(B) (h € 4).

€W
Moreover f—F; is a continuous linear mapping of C*(4) into I°(K).

The uniqueness of F; follows from the fact that K =Uiex k4%k~. On the
other hand the restriction on K of the function ¢, of Lemma 29 obviously
satisfies the required conditions for F;. The linearity of the mapping follows
from the uniqueness of F; and the continuity from the last statement of
Lemma 29.

COROLLARY 3. Suppose f is a finite linear combination of elements in © and
fr=f (s€EW._). Then there exists an invariant analytic function on K which
coincides with f on A.

Since K is compact and connected, it is obvious that the method of proof
of Lemma 29 is applicable to the pair (K, A) instead of (U, 4). The required
result therefore follows from the Corollary 1 above.

Now in the present case M=K and q=9p. Hence X being the subalgebra
of B generated by (1, f), M=%. Let » be the number of roots in P,y. Then
dim p=2r since (X., X_.)acp, is a base for p over C. Consider the poly-
nomial

Y lt-C-t-6)=i—al 4+ -+ (=D
BE Py

in the indeterminate ¢. (o3, -+ - -, 0, are functions on 4.) If s€ W_and BEP,,
it is clear that either sB or —sB is in P,. Therefore it is obvious that o} =0
(s€W_, 1=i=r). Hence from Corollary 3 to Lemma 29 we can extend ¢; to
an invariant analytic function on K. We denote this extension again by a;.
Let S(k) denote the restriction of (Ad (k) —I)(Ad (k~Y)—I) (k€K) on .
(Here I is the identity mapping of g.) Then if we define d.(k) as in §5, we
have the following result.

LEMMA 30. o,(k) =d, (k) and
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(S(B)" — a1i(B)(S(R)™' + -+ - + (=D7o(), =0 (k€ K)
where I, is the identity mapping of p.

Since K =Uyek kA%, it is obviously enough to prove these relations on
A. Butif hE A, the eigenvalues of the restriction of Ad (%) on p are obviously
£3(h) and £3(h~!) (BEP,). Hence every eigenvalue of S(k) is of the form

(&s(h) — 1)(Es(B7Y) — 1) = 2 — £5(h) — E&(B)! (B € Py).
Therefore if we replace ¢t by S(%) in the polynomial

ﬂgp {t = 2= t(h) — ()™} =17 — ax()1 4 - - + (=1)70.(h)

we get zero (provided the last term is interpreted as o,(k)I;). Moreover

ar(h) = T (2 — &(h) — &(h)™)

BE Py

II (k) — D (Es(h)™t — 1) = di(h)

BE P,

and so the lemma is proved. We note that d, is never negative on 4 and hence
also never on K.

Let X3, - - -, X, beabase for gover Cand put g;;=B(X,, X;) (1£4,7=<n)
(see §2 for the definition of the bilinear form B(X, Y) on g). Then since g
is semisimple, the matrix (g:;)1si,;sn is nonsingular. Let (g%)1<:,j<» denote its
inverse. Putw= D 1<i,;<n g7X:X;. Then it is well known that w is independent
of the choice of the base used in its definition and it lies in 8. In particular if
(X1, -+ -, Xn) is a base for f and (X4, - - -, Xa) a base for p, w=wg+w,
where

WK = Z ,giniXi’

1S54,jSm
and
wp = 2 gUX.X;

m<i,j=n

Since w*=w (EEK), it follows easily that wk=wk and % =w,. Hence wx lies
in the center 3 of ¥. We shall call w and wx the Casimir operators of gand
f respectively. Let us now use the notation of §5.

LeMMA 31. There exists an analytic mapping v. of K into Q X X such that
Ti(ve(k)) = di(k)w (k € K).
Put
T(F) = (=){(SB)* = ax(BSE) ™ + -+ - + (=) oW}
where S() is defined as in Lemma 30. Then
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S(k)T(k) = T(k)S(k) = dy(k) Iy (k € K).
If X,, - - -, X, 1is a base for p, it is clear that
wp = D, giXX;

154,7S¢
where (g%)1<:,j=4 is the inverse of the matrix g;;=B(X,, X;) 154, j<q. Now
k being a fixed element in K, suppose S’, T’ are two linear transformations on
p which commute with the restriction of Ad (k) on p. Put V;=8'X;, Z;,=T'X,,
Xi=2 "1, gX; Yi=S'Xiand Zi=T'X (1<i<q). It is obvious that

q
X =Y B(X, X)X*

i=1

for any X Ep and therefore

Ad (B)X = i B(Ad (A)X, X)X = i B(X, Ad (k1) X)X",

=1 =1
Hence
q
Ad (B)Y; = S' Ad (B)X: = > B(X:, Ad (k)X )S'X7

i=1
and

3 (Ad(BY)Zé = X (S'X)(T'X)B(X. Ad (F)X))
E 8 4 (%)

= 2 (S'X)(T" Ad (k)X )) = X0 Vi(Ad (F1)Z)).

This proves that
2 gHAd (BY)Z; = 3 giV(Ad (kN)Z))

154,i<q 154,j<q
and therefore
2 gilAdmY,z,]= 3 gi[v, Ad (F)Z,].

154,75¢q 154,75q

Now put T'(k)=Ad (~")T(k)—T(k), X;(k)=T(k)X; and X(k)=T"(k)X;
1=<j=gq. Then

2 ETXX(R) XD
154,73¢
= 2 g¥(Ad (F)X: — X)(T'(H)X)) + X g% X, T'(B)X,]

= 2 X {(Ad(B) — DT' (WX} + X g%l X,, T'(BX,].

But (Ad (k) —I)T"(k) = S(E) T(k) =d, (k) I,. So if we put
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1
b(k) = — 3, gh(X:X (k) + Xi(B)X),
154,7Sq

it is clear that
1
T(b(k) X 1) = du(Bor + 2 89[X0 X1 (B)] = — 28" Tul[Xs Xi(B)] X 1)

Put Y (&)= D .; g"[X:, X;(k)] and Y’'(k) = D_:.; gi[X:, X}(k)]. It follows
from our remarks above that I'y(Y (k) X 1) =Ad (¢!) Y(k) — Y (k) =0. More-
over Y’(k)E[p, p]CI. Hence if we set

vu(k) = b(k) X 1+ dp(B)(1 X wx) — 1 X Y'(k),

Ti(y.(k)) =d,(k)w. This proves the lemma.

On the other hand ‘K being the open submanifold of K consisting of those
points k for which d, (k) #0, we have a differential operator §(w) defined on
‘K (see §5). It follows from the definition of §(w) that

di(k)oi(w) = di(k)wrx — V' (k) (k € ‘K).

This means that there exists an analytic differential operator D on K which
coincides with d,8(w) on ‘K.

LEMMA 32. Let D* denote the adjoint of D. Then if fEI°(K), Df =D*f.

In view of the corollary to Lemma 8, it is enough to show that Df and D*f
coincide on K’ = KNG’'. Hence, as we have seen during the proof of Theorem
1, it is sufficient to prove that

[ swrsr, pras - [ stk Drscaran
K K

for every g€1.° (K’). (Here dk is the Haar measure on K.) But since D is an
invariant operator, Df and Dg are invariant functions. Hence (see Weyl

[14@@)])
[ s Dak = [ |- gthsch, D)
K A
and

[ eth rswyar = [ a0 | eh, DrsCRIA
K A

if dk is suitably normalized. On the other hand since d, = ]d+| , We can con-
clude from Theorem 2 and the corollary to Lemma 25 that if k€ 4",
| d_(h) | £k, D) = f(h, D)

where D’ denotes the differential operator | d| V2y(w) o |d|/2 on A’. Moreover
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(v(w))*=v(w*) =v(w) from Lemma 20 and so D’ coincides with its adjoint
on A’. Hence

[ ewsih Drak = [ gthseh, Dran = [ atn Drs00ran
K A A

= [ sk DRz
K

Let 4'(w) denote the image of y(w) under the automorphism of U1 which
maps H on H+p(H) (HEY).

LEMMA 33. Define the mapping f—F; of C*(A4) into I°(K) as in Corollary 2
to Lemma 29. Then
DF; = d4Fy (v} (f € C=(4)).
It would be sufficient to prove that DF; and d, F, (), coincide on 4’. Let
g denote the restriction of F; on 4’. Then

g(h) = A'()™* X e(s)E(k)f*(h) (hE 4"

EW

and it follows from Theorem 2 and the corollary to Lemma 25 that DF; coin-
cides on 4’ with D’g where D’ =d+] dl —U2y(w) 0 |d| U2 Let H, be any point in
ho such that ho=exp H,E A’ and let V be an open connected neighborhood of
H, in §, such that exp HE A’ for all HE V. Put

g'(H) = X e(s)er@f+(exp H) (HEV).

EW

Then g(exp H)A(H) =g'(H) (HE V) where A(H) is defined as in §8. Hence
it is obvious that

g(exp H, D) = dy(exp H)A(H)™'¢'(H, ¥(w)) HeW)

if we regard vy(w) as a differential operator on V. On the other hand if f](H)
=ev\Efs(exp H) (HENW,) it is clear that

fi(H, y(w)) = fi{(s7'H, v(w))
since y(w) is an invariant of W. Furthermore
f{(H, y(w)) =es®@f'(H, v'(w)) (H € ho)
where f'(H) =f(exp H). Hence
¢(H, v(@) = X e(s)en®f (s H, 7' (w))

EW

= X e(s)er*®fy(exp H) HEW

EW

where fo=%'(w)f and therefore
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glexp H, D') = d,(exp H)Fy: (ws(exp H) (Hev).

This proves that DF; coincides with d,F, s on some neighborhood of &g in
A’. Since kg is an arbitrary point of A’ our assertion follows.

Let 7 be a distribution on K. Then by Corollary 2 to Lemma 29, the map-
ping ®: f—7(d+F;) (fEC=(A4)) is a distribution on 4. The following theorem
contains the main result of the present section.

THEOREM 5. Suppose there exists a complex number ¢ such that Dr =cd,t.
Then ® coincides with an analytic function on A.

If f&C~(4), Dr(Fy) =7(DF;) =®(y'(w)f) from Lemmas 32 and 33. But
Dr(Fy) =cr(dFy) =c®(f). Hence

(' (w)f) = c®(f) (f € C=(4)).

Now let Hy, - - -, H; be a base for §, over R such that B(H;, H,)= —8;;
1=7, j=I. Then if we normalize X,, X_, (@& P) in such a way that B(X,,
X_.) =1, it is clear that

w=—(Hi+ - +H) + L (XoXoo+ X-oXo).
atc P

Hence

w=—(H+ - +H) + ¥ Homod ¥ BX,
«EP aEP

where H,= [X., X_.]. This proves (see Lemma 18) that

Y'(@) = — (Hi+ - - - + Hy) + 2H,

where H,=2“Zae p Hg is characterized by the property that B(H,, H)
=p(H) (HED). Put

O=Hi+ -+ H + 2H,
Then it is clear that ® satisfies the differential equation
(O+og@=0.

Since the operator [] is obviously of the elliptic type (see Garding [3]) it
follows [11; 8] that ® is an analytic function on 4.

We shall give an application of this theorem in §12.

11. Application to representations. We shall now apply the preceding
theory to the problem of determining the characters of irreducible represen-
tations of G. Let m be a representation of G on a Hilbert space  and let V
be the Gérding subspace of § (see [6(c), p. 201]). We denote by Q the set of
all equivalence classes of finite-dimensional irreducible representations of K
and by 9o (DEQ) the subspace consisting of those elements in  which
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transform under 7(K) according to D. Let m, denote the renresentation of 8
on V corresponding to 7 [6(c), p. 201] and I, I, the identity mappings of §
and V respectively. We shall say that 7 is quasi-simple if there exist(1?)

(1) a homomorphism 7, of Z into the multiplicative group of complex
numbers such that 7({) =9.(0)I (E2),

(2) a homomorphism x, of 3 into C such that my(2) =xx(2) I, (3&3), and

(3) an integer N such that dim $p = Nd(D)? for all DEQ. (d(D) is the
degree of any representation in D.)

n--and x» respectively are called the central and the infinitesimal charac-
ters of 7. Let Q be a bounded linear transformation on $. We say that Q is
summable if there exists a complete orthonormal set (¥;);es in § and a regu-
lar operator 4 such that(!!) Zi,jel | Wi, AQA"‘%)| < ®. One knows [6(d),
Lemma 1] that if Q is summable and 4, B are bounded linear operators
AQB is of the trace class and sp AQB =sp BAQ=sp QBA. Hence in particu-
lar if 4 is regular sp AQA—'=sp Q. Now 7 being quasi-simple, consider the
operator

o= @i

where dx is the Haar measure on G and fEC;°(G). We know [6(e), §2] that
Qy is summable and the mapping T: f—sp Q; (fEC. (G)) is a distribution on
G. T, is called the character of .

Let ‘G be the set of quasi-regular elements in G (see §3). In view of the
corollary to Lemma 12, ‘G may be considered as an open submanifold of G.
Our next object is to prove the following theorem.

THEOREM 6. Let m be a quasi-simple representation of G on © and let T,
be the character of w. Then T. coincides with an analytic function on \G.

Since T, is an invariant distribution on G (see [6(d)]), it coincides in the
neighborhood of a point x&'G with an analytic function if and only if the
same property holds at yxy~! (y&G). Hence, in view of Lemma 11, it is
enough to prove this statement when x&'4 =4N'G in the notation of §5.
Let dm denote the Haar measure on M.

LemMmA 34. If fEC; (G X M) the operator

f f(x, m)w(xmx~t)dxdm
o

X M
is summable. Moreover if S.(f) denotes its trace, the mapping

(*) Actually these conditions can be relaxed considerably without affecting our subsequent
arguments. But it is hardly worthwhile to do so since they are already weak enough to be
satisfied in all cases which are of interest to us.

() As usual (¢, ¥) denotes the scalar product of two elements ¢ and ¢ in § and l¢| the
norm of ¢.
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Seif = Sa(f) (f € CZ(G X ‘M)
is a distribution on GX'M.

We can regard GX M as a Lie group and 8 X M the enveloping algebra
of the complexification of its Lie algebra. Then GX'M is an open invariant
subset of GX M. For any bE S, let D’(b) denote the differential operator on
GX'M defined as follows. The local expression (D’(b))..m of D’(b) at (x, m)
E€GX'M is given by

(D'(8)) zm = dy(m)~"vs(m)

in the notation of Lemma 16. Since m—y(m) is an analytic mapping, it is
clear that D’(b) is in fact an analytic differential operator on G X'M. On the
other hand the mapping b—D’(b) is linear and for any given bEB, we can

find a finite set of linearly independent elements by, - - -, by &% such that
Ad (x9)b = a1(x)by + - - - + an(x)bn
where a;, - - -, ax are analytic functions on G. Hence

N
D)) em = 22 al(#)(D'(82)) 2m

t=1

and therefore there exists an analytic differential operator D(b) on GX‘'M
such that (D(0))zum=(D'(¥*"))em (*EG, mE*M). The operator D(b) has
the following significance. ¢ being any function in C*(G), consider the
integral

f f(x, m)¢p(amx—")dxdm (f € CJ(G X ‘M)).

Put ®(x, m) =¢(xmx~1) (xEG, mE*'M). Then, as we have seen in §5,
®(x, b;m, v) = p(amat, Ad (2)(Tm(d X »))
for 5E®B and vEM. Hence it is obvious that
&(x, m, D, m(b)) = ¢(xmxt, b) be®)

and therefore
ff(x, m)p(xmx1, b)dxdm = f f(x, m, (D(b))*)p(xmxr)dxdm

where (D(b))* is the adjoint of D(d).
Now in order to prove the summability of the operator

0 = f f(x, m)x(xma—t)dxdm (f E Co (G X ‘M)
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we proceed as follows. We can choose a homomorphism 5 of K into C such
that n coincides with 7, on a subgroup Z, of Z of finite index (see [6(d),
p. 239]). Then the factor group K=K/Z, is compact and we can define a
representation # of K on § by setting

m(@) = ()7 (u) (v € K)

where u— is the natural mapping of K on K. Since K is compact, # is
equivalent to a unitary representation. Hence in view of our definition of
summability, it is sufficient to consider the case when # is unitary and there-
fore the spaces $o (DEQ) are mutually orthogonal (see [6(d), p. 244]). For
any ¢ € C*(G) define ¢(b, x) =¢(x, Ad (x~1)b) (xEG, bEB) and let Q, be the
set of those DEQ for which $o7{0}. Then the following facts are known
(see the proof of Lemma 3 of [6(d)]). If 2 is an element lying in the center
Bk of X, there exist, for each D EQ,, two complex numbers 7:(D, 2), 7:(D, Z)
with the following property. If 1€ $m1, Y2E D02 (D1, D.EQ,) and ¢(x)
= (Y, T(x)¥2) (x€G), then

6(z, %) = (D, 2)6(x),  #(x, 2) = d(B)na(Daz) (2 €G).

Moreover it is possible to choose z;, 22& 8& such that the numbers 7,(D, z1),
n2(D, 22) (DE,) are all real and positive and

d(D)* <o d(D)?
dEQ, 71(D, 21) ' D€, n2(D, 22)

Now let (¥:)ics be a complete orthonormal base for  which is composed
of bases for the various $o (DEQ,). Let J(D) denote the set of those jEJ
for which ;&€ 9. Then

Z lwaodl= T ] [ 1. mgistamaryazim

where ¢;;(x) = (Y;, m(x)¥;) (x EG). On the other hand if ;€ J(D1) and jE T (D),
dii(x, (Ad (x71)21)22) = ¢ii(21, %, 22) = n2(D1, 21)n2(De, 22)9:i(%).

Moreover we can find elements by, - - -, 5, &8 such that
(Ad (x7Y)21)22 = a1(%)b1 + - - - + a(2)b, (x€06)
where a,, - - -, a, are analytic functions on G. Therefore in view of what

we have seen above, it is obvious that there exists a differential operator D
on G XM such that

f f(x, m, D)p(xmx)dxdm = f f(x, m)p(xmx~1, (Ad (xm—1x71)2,)25)dxdm

for all fE€C;”(G X M) and ¢ EC*(G). On the other hand, we can find compact
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sets wy, w; in G and ‘M respectively such that a given f is zero outside w; Xws.
Let w be the image of wy Xw: in G under the mapping (x, m)—xmx~1. Then w

is compact and there exists a number u such that |1r(x)] <u for xEw. Then
it is clear that

lf f(x, m, D)¢;,-(xmx‘1)dxdml =< uf | /(x, m, D) | dxdm

and therefore

AD) D)
i )| = uN? ,m, D) | dxd
I a0 s [ 1i@m D] D e e

since dim 99 =< Nd(D)? (DEQ,). The series on the right being convergent,
this proves that Q; is summable. Moreover the above result shows that for
any compact set w’ in GX'M, there exists a real number u’ such that

500/ < [ |5 m, D) dim

where f is any function in C;°(GX‘'M) which vanishes outside w’. Therefore
the mapping f—sp Q; is a distribution and the lemma is proved.

Now suppose a€C;’ (G) and BEC; (*M). We denote by a X the function
fin C;(GX‘'M) given by f(x, m) =a(x)B(m) (xEG, m&*M).

LEMMA 35. There exists a distribution 7. on ‘M such that
Sula X ) = ( [ atwis) e (a €C2G), B E CCM)).
[ed

Let A(y)a (yEG) denote the function x—a(y~x) (xEG). Similarly if ¢ is
a distribution on G, we denote by A(y)o the distribution a—oA(y~)a)
(¢ EC;(G)). Let B be a fixed element in C;°(*M). Then it is obvious that the

mapping
ggia— Sy (@ X B)

is a distribution on G. Moreover if
Qa = fa(x)B(m)r(xmx‘l)dxdm,

it is clear that
Owa = 7(Qur(y™).
Therefore since Q, is summable,

og(a) = sp Qa = Sp rwya = a8(A(¥)0).
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This shows that A(y)gs =05 (yEG). On the other hand we have the following
lemma.

LEMMA 36. Let o be a distribution on G such that N(x)o =¢ for all xEG.
Then there exists a complex number ¢ such that

o(a) = cfaa(x)dx

for every aEC; (G).

Assuming this for a moment, we can prove Lemma 35 as follows. Put
I(a)=f¢a (x)dx (@EC.(G)) and select a function a, in C;”(G) for which
I(ap) =1. Then it follows from Lemma 36 that

os(a) = ap(ao)I(cx) (a € C(G)).

But the mapping B—was(e0) =Sx(aoXB) is obviously a distribution on ‘M.
Hence if we denote it by 7.,

Sx(a X B) = I(a)7+(B)

which proves our assertion.

Now in order to prove Lemma 36, we make use of the theory of right-
invariant differential forms on G (see Chevalley [2]). For each XEg,, we
denote by X’ the right-invariant differential operator defined by

d
a(x, X') = {E a(exp (—tX)x)} (x €G, a € C*(G)).

t=0

n being the dimension of G, let w denote the invariant differential form of
degree n corresponding to the Haar measure dx. Then

fGaw = [(a) (« € CS(G)).

Now suppose I(a) =0. Then by the de Rham Theorem for forms with com-
pact support, there exists a differential form { of degree »—1 and class C*

with compact support such that aw=d{. Let w,, - - -, w, be a base for right-
invariant forms of degree 1. We may assume that w=wAw: /A * - - Aws
where A denotes exterior product. Let (X,, - - -, X,) be a base for go over

R such that w;(X/)=208;; (1=1¢, j<n). Then
F= 200
i=1

where {:€C.(G) and Qi=w Aws A -« - A/ + -+ Aws, the circumflex sig-
nifying the deletion of the factor w; from the product. Then
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aw=df = D, dt; AU+ D CidQ

t=1 =1

But dQ; =0 for otherwise w would be the derivative of a right-invariant differ-
ential form and this is known to be impossible (see Koszul [9, Theorem 9. 2]).
On the other hand

di; = 7an (X ¢w;
and therefore
w= {5 <_1>z~—xx;;,.} "
i=1
This shows that
o = i (=D X/
j=1

Hence in order to prove that I(a)=0 implies o(a) =0 (@EC; (G)), it is
sufficient to verify that ¢(X'a) =0 for every X Ego and a EC;’ (G). Put

a(x) = alexp (—iX)x) (x €EG,t E R).
Then if bESY,
ayx, b) = alexp (—tX)x, b)
and frem this it follows that if o/ =X'e, t~! {a,(x, b) —a(x, b) } converges uni-
formly on G to o/(x, b) as ¢ tends to zero. This implies that
o(a) = Ltuzl % (o(a) — o(e)) =0

since a;=\(exp tX)a. Hence ¢(X’a) =0 and our assertion is proved.

Select a function ay&C, (G) such that I(a,) =1. Then if «aE€C.’(G) and
o =a—I(a)ay, I(a’) =0. Hence d(a’) =0 and therefore o(a) =0 (co) I (). This
proves the lemma.

LeMMA 37. The distribution 7. on ‘M is an invariant distribution.
It is obvious that if a€EC;(G), BEC, (‘M) and mE M,
So(a X B™) = S’ X B)
where o/ (x) =a(xm™) (xEG). Hence if we choose a such that [¢ a(x)dx=1,
7x(B™) = Se(a@ X B™) = S«(a’ X B) = 7(8)

and this shows that 7, is invariant.
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Define the differential operator 8(z) (2€8) on ‘M as in Theorem 1.
LEMMA 38. 8(2)7x =X (2)7x (€ 83) where X is the infinitesimal character of

We use the notation of the proof of Lemma 34. Let Ep denote the canoni-
cal projection [6(c), p. 225 ] of § on Hp (DER,). Then if pp(x) =sp (Epm(x) Ep)
(x&EG) it is obvious from Lemma 34 that

0, = [ a(@BmrGmsizin  (« € CI(G), B E CICM)
is of the trace class and therefore (see [6(d), §2])
08 = T [ aimos(msdadn.
DEQ,

Also we know (see Lemmas 32 and 34 of [6(c)]) that ¢p is an analytic func-
tion on G and

¢2(%, 2) = xx(2)¢(%) (r €6,z € 3).

Put ®&p(x; m) =¢p(xmx~!) (xEG, m&E*'M). Then if bEPB and vEI, we have
seen in §5 that

Po(x, b; m, v) = ¢pp(amx~?, Ad (2)(Tn(b X v))).

On the other hand if z is a fixed element in 3, we can, from Lemma 16, select
by, -, b, €LQR" n, -, €M and analytic functions a,, - - -, a, on ‘M
such that

r

> ai(m)Tm(bs X v5) + Tm(1 X 8m(2)) = 2.
i1
Therefore since z*=3,

r

Z a;(m)@;a(x, by m, Vi) + ':I)fD(x; m, 6’»(2)) = m(xmrlt Z) = xf(z)%(xmx—l)°

t=1

Let D; and 6*(2) respectively denote the adjoints of the differential operators
a:(m)v; and 8(2) on ‘M. If b—b* (b EB) is the anti-automorphism of B which
maps X on —X (X &yg), it is obvious that b* is the adjoint of the differential
operator b; on G. Hence

xe(2) f o )B(m) b xm—1) dcdm

= 3 [ atw8298m, DIwa(z; mdzim + [ a(28(m, &) o(z; m)dzim
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and therefore it follows from Lemma 34 that

r

x(2) sp Q(a, B) = 2 sp Q(b*a, D) + sp Q(a, §*(2)B).

=1

Now assume that I(a) =1 and apply Lemma 35. Then we get

X:(2)7:(8) = 2 I(b*a)7<(Dif) + 7+(5*(2)B).
1=l
But since ;&' the same holds for 5*. On the other hand if X&g, and
FECS(G), it is obvious that I(f,) = I(f) where f.(x) =f(x exp tX) (xEG, tER).
From this we conclude immediately that I7(Xf) =0. Hence I(b*a) =0 (1<i=<7)
and therefore

X=(2)7<(B) = 7,(6%(2)B) (8 € CZ('M)).

This proves the statement of the lemma.

It now follows from Theorem 3 that 7, is an analytic function on ‘M. In
order to prove Theorem 6 we still have to investigate the relationship be-
tween the two distributions T'r and 7.. Put go=q/M\go. Then g, is the direct
sum of goand me=mMge. Let U’ be an open neighborhood of 1 in G such that
if U= (U")~'U’ then U"N(AM)C M where A is the normalizer of 4 in G.
This is possible since A M/ M is a finite group (see Lemma 10). Let G*=G/M
be the factor space consisting of all cosets of the form xM (x&EG) and let o
denote the natural mapping x—x* of G on G*. We can select an open neigh-
borhood U* of 1* in G* and a regular analytic mapping ¢ of U* into U’ such
that (¢(x*))*=x*and ¢(1*) =1 (x*ES U*). Let dx* denote the invariant meas-
ure on G*. Define an analytic mapping ¥ of U*X'M into G as follows:
Y(x*, m) =d(x*)m(@(x*)~" (x*€ U*, mE"M). Suppose Y (x1*, m1) =¢(xs*, ms)
(xr*, x*E U*, my, me&E*M). Then from Lemma 10

(e(xM)p(aM) EV'NAM)C M

and therefore x;* =x*, m;=m,. This shows that y is univalent on U*X‘M.
For YEg, and x*& U* put(*?) YA =do.Y where x=¢(x*). Then if we iden-
tify the tangent space of U*X'M at (x*, m) with go under the linear iso-
morphism

Y+ X—>VaXX (¥ € q0, X € my),
a simple calculation shows that
dom(X +7) = (Ad$(z )X + Adg(z") {Ad (™)) — I}(dgV ).

(Here I is the identity mapping of g.) Moreover ¢ 0 ¢ being the identity
mapping on U¥*,

(12) We follow here the terminology of Chevalley [2].
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do(dpVes — ¥) = 0
if x =¢(x*) and therefore
¢V = ¥ mod M.
Therefore if D,*,n=(Ad ¢(x*))"'dY2*m,
DanX=X (X € mo),
DY = Ad (m™)Y — ¥V mod Mo (Y € qo0)
and so it follows that
det (dYz*,m) = det Dor,m = dy(m) # 0.

This proves that ¥ is everywhere regular on U* X' M. Hence it maps U*X'M
topologically on an openneighborhood N of ‘M in G. We regard N as an open
submanifold of G. Let fEC,’(N) and put

F(x*, m) = f(¥(* m)) (z* € U*, m € 'M).

Since ¥ defines an isomorphism of the two analytic manifolds U*X'M and
N, it is clear that FEC;(U*X'M). Choose bases (X1, ---, X,) and
(Y, - - -, ¥,) for me and qo respectively over R and let w* and { denote the
differential forms (of degrees ¢ and p) on G* and M respectively correspond-
ing to the measures dx* and dm. Then we may assume that

wir(do Yy, -+, do V) = fm(Xn -, Xp) =1 (x €EG, m E M).
On the other hand if w is the differential form on G of degree p ¢ correspond-
ing to the measure dx, we may assume that w.(¥y, « -+, Yo, X1, - -, Xp) =1

(xEG). Now consider the form('?) o’ =(8))w on U*X'M. Then it follows
from the above result that

Werm(Vy, oo e, Vo Xy v o0 X))
= dy(m)wy(Vy, -+ i Yo X1 Xy, - -+ Xp) = di(m)
where y =y/(x*, m) (x*€ U*, m& M) and this proves that

worm = dp(m)Esm
where £ is the direct product of w* and { on U*X ‘M so that
Eom(Vyy o oo Vg Xoy ooy Xp)
= W)+ (FORm(Xs, -+, X) = 1.
But this implies that

f f(x)dx = f . F(x*, m) | dy(m) | ddm.
N U'x M
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Thus we have obtained the following result.

LEMMA 39. If the measures dx*, dm and dx on G*, M and G respectively are
suitably normalized,

Jrwaz= o m | duom| dstam
M

for every fEC; (N).

Now ¢ being univalent and regular on U* XM, there exists an analytic
function F, on N such that F,({(x*, m)) =7.(m) (x*EU*, m&‘M).

LEMMA 40. Suppose the various measures have been normalized in accord-
ance with Lemma 39. Then

7.0) = [ 1@ (w)ax
for every fEC. (N).

For a given fEC,”(N) we can choose a compact subset w* of U* such that
FWY(x*, m))=0 (x*€U*, mE*M) unless x*Ew*. Let a* be a function in
C2(U*) which is identically equal to 1 on w*. The mapping (x*, m)—¢(x*)m
is easily seen to be regular and univalent on U* X M. Therefore it defines an
analytic isomorphism of U*X M with the open submanifold U=¢(U*) M of
G. Select BEC.° (M) such that [yB(m)dm=1. Then there exists an element
aEC.”(U) such that a(p(x*)m) =a*(x*)B(m) (x*S U*, m&M). Now g being
any indefinitely differentiable function on N, put f' =gf. Then

f a(x)f'(xmx) | dy(m) | dxdm
ax M
= [ arBm) W mammi) | d4m) | datdmdm
G*XMX M

since dx =dx*dm, if x=¢(x*)m: (x*E U*, miEM). But d,(m; 'mm,) =d,(m)
and therefore

f £, mammi)) | da(m) | dm = f P~ m) | da(m) | dm.
M M
Moreover [yf(mi)dm=1 and a*=1 on w*. Hence

f () (ama) | dy(m) | dxim = f
GX'M *

a*x

= faf'(x)dx

‘Mf'(nl/(x*, m)) | dy(m) | dx*dm
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from Lemma 39. This proves that
[ 1@z = [ atwsemar) gomat | duom)| dam
ax'M

if g€C=(N). On the other hand
r.) = T [ fwes(zas
dEQ,

in the notation of the proof of Lemma 38. Therefore
T.(f) = :DEZ a(x)f(xmx=") pp(xmx1) | dy(m) l dxdm.
Qﬂ'

Now put

filz, m) = a(2)f(emax) [ du(m)|  (x €G,m € M).
Then fiE€C7(GX'M) and it follows from Lemma 34 that the right hand side
of the above equation is equal to Sx(f1). On the other hand

S«(f1) =f . f1(x, m)7(m)dxdm
GX M
from Lemma 35 (see Schwartz [11, p. 108]). Therefore
T.(f) = f _ a(@)f(ama)ro(m) | dip(m) | dxdm = f J(%)F(%)dx
ax'M @

from our result above. This proves Lemma 40 and since ND'M D4, Theo-
rem 6 follows.

For any quasi-simple representation 7 of G define 75«, x» and T, as above
and let F, be the analytic function (on ‘G) which coincides with T, on ‘G.
From the corollary to Lemma 12 we can choose a finite number of connected
components Gy, - - - , Gy of ‘G such that ‘\G=UY., ZG;. Then if w is the order
of the Weyl group of g (with respect to any Cartan subalgebra §), we obtain
the following result by combining Theorem 4 and Lemma 40.

THEOREM 7. Suppose n and x respectively are given homomorphisms of Z
and B into C and w is a collection of quasi-simple representations w of G such that
N=n. and X =X«. Then the dimension of the linear space spanned over C by the
Sfunctions F. (r Cw) cannot exceed Nw.

Since

ff(z“x)r(x)dx = f f(x)w(zx)dx = n(z)f f(x)w(x)dx (zE€2)

and

T«(f) = T«(f") (y€06)
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for fEC;”(G) and 7 Ew, it is obvious that F,(2x) =7(2) Fx(x) and F.(yxy™)
=F,(x) (x&€'G). Therefore if V is the linear space spanned by F, (r€w),
similar relations hold for every FE V. Let F; denote the restriction on G; of a
function F in V. If F vanishes identically on some nonempty open subset of
G then F;=0. Now the set U.c ¢ xGix~! is connected since it is the image of
G XG; under the continuous mapping (x, ¥)—xyx~!. Hence it follows that
xGix~1=G; (xE€G). Therefore from Lemma 11, G; must meet at least one
Cartan subgroup 4; of G for which 6(4,)=A. Let A/ be the set of regular
elements in 4;. By Lemma 8 we can select a nonempty open connected sub-
set B; of A! such that B;CA:N\G;. One proves without difficulty that
U;=U.g¢ xBx~! is open in G and therefore if F is everywhere zero on B,
F;=0. Let F; denote the restriction of F on B, and let ¥, be the linear space
consisting of all F,(FE V). It follows from Lemma 38 and Theorem 4 that
dim V;<w. Now V being the direct sum of V; (1<i< N), consider the linear
mapping F»F=(F,, - - -, Fy) of V into V. Since ‘\G=UY, ZG;, it is clear
that F=0 whenever F=0. Hence dim V<dim V < Nw.

In view of Theorem 7 we can choose a finite number of representations
@, *+ * -, 7 in w such that F,, - - -, F,, form a base for V. Then for any
T€w, Fr=0F.,+ -+ - +¢ F., where ¢, - - -+, ¢, are complex numbers. From
this one would like to deduce that Ty =¢,Tx,+ -+ - +¢, T, Although this
conclusion seems to be in agreement with experience, I have not succeeded in
constructing a proof of it. If true it has certain interesting consequences (see
[6(h)]).

12. Closer study of a special case. We now make the two assumptions of
§10 on G and use the notation introduced there. Put

al= JI a—&)
«EP_

and normalize the Haar measures dk and dk on K and 4 respectively in such

a way that
fdk .—_f | AL(h) |2dh = 1.
K 4

LeEMMA 41. Let m be a quasi-simple representation of G. Then for any
fEC>(K) the operator

f ) f(k)yw(E)dk

is summable and if T.(f) denotes its trace, the mapping

Teif = 7(/) (f € C*(K))

ts a distribution on K.
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This follows immediately if we apply the reasoning of [6(d), §5] to the
representation k—w(k) of K.

CoRrOLLARY. The distribution 7, defined above coincides on ‘K with that of
Lemma 35.

For suppose a€C;’(G) and fEC*(K). Since [xf(k)w(k)dk is summable,
it follows without difficulty (see [6(d), p. 237]) that

f a(x)f(k)x(xkxY)dxdk
XK

is of the trace class and

sp (faxxa(x)f(k)x(xkx“)dxdk) = foa(x)dx sp (fxf(k)r(k)dk)
= fGa(x)dx 7=(f).

Our assertion is a direct consequence of this fact.
On the other hand we have the following two lemmas.

LEMMA 42. For any fEC=(A) the operator
f(WAL(R)x(kkEV)dhdE
AXK
1s summable and if o.(f) denotes its trace, the mapping
o:if = 0x(f) (feC=(4))
is a distribution on A.

The proof of this is substantially the same as that of Lemma 24 of [6(g)].

Now put p_= E,E p_a. Then if sEW_, sp_—p_ is a linear combination
of roots in P_ with integer coefficients (see Weyl [14(b)]). Hence & =£,,__,_
is a well-defined character of 4 and

Al = > e(s)é, .

EwW_

Now if we apply the method of proof of Lemma 29 to the pair (K, 4) we ob-
tain the following result.

LEMMA 43. For any fEC=(A) there exists a unique function ¢, I=(K)
such that

AL()s(h) = 35 e(s)& (B)f*(k) (k € 4).

EW_
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COROLLARY. o, coincides on ‘A with the analytic function h—A” (h)1.(k)

(h&'4).
For suppose fEC,’(*4). Then it is obvious that ¢;E I’ (*K) and

f o/ (R)x(R)dE = ds(h) | AL(R) |*x(khk=)dhdkE.
K

AXK

On the other hand if h€4 and sEW_,
f x(khek~)dk = f w(khkY)dk
K K

and
ALK = e(s5)E, (B)AL(k).
Therefore('?)

fd:,(k)r(k)dk = w_ f(h)(conj A(k))x(khk—")dhdk
K AXK

where w_ is the order of W_. On the other hand since 7, coincides with an
analytic function on ‘K,

sp ( fK¢f(k)T(k)dk)= fxw(k)r,(k)dk - j; o/() | A(K) [2r(R) k.

Again since 7, is an invariant function on ‘K (Lemma 37), 7.(h*) =7,(h)
(sEW_, h&'4) and therefore

L és(h) | AL(K) |2ro(B)dh = w_ L f(k) conj A_(h)r.(k)dh.

But

conj AL = ;I (1 —£) = (—=1)f,.AL
aloP

where 7 is the number of roots in P_. Hence replacing f by f£,, ', we obtain
sp( f(h)A'_(h)r(khk-l)dhdk) = ff(h)(A'_(h)r,(h)dh.
AXK

This proves our assertion.

We shall now try to obtain some information regarding the possible
“singularities” of ¢, on 4. In an earlier paper [6(g), §10] we made a detailed
study of certain examples and found that there one could always select a

(13) conj ¢ denotes the conjugate of a complex number c.



1956) THE CHARACTERS OF SEMISIMPLE LIE GROUPS 159.

meromorphic function on 4 so as to coincide with o, on ‘A. The following
result, although it is weaker, holds under quite general conditions. Define
A’ as in §10.

THEOREM 8. Let S, be the distribution on A given by
sip=sp { [ |20 T poseindiar (€ coa.
AXK EW

Then S, coincides with an analytic function on A.

That the above operator is actually summable and S, is a distribution
follows immediately from Lemma 42. Moreover we have seen that if g€ C*(K)
and a€C; (G),

fa(x)g(k)r(xkx—‘)dxdk
is of the trace class and
sp ( f Gxxa(x)g(k)r(xkx-l)dxdk) - f a()dz7.(p).

Hence we conclude that
f a(x)dxr.(g) = 2 a(x)g(k)¢p(xkx1)dxdk
G DE, v oxK

the series being absolutely convergent. (Here the notation is the same as in
the proof of Lemma 38.) Now choose a such that fa(x)dx=1. Then

o(dsg) = 2. a(x)d,(k)g(k)oo(xkat)dxdk
DEa, v GxK

X
for g&C*(K). On the other hand w being the Casimir operator of g,
¢0(%, @) = x«(w)pn(x) (€6, DE Q)

as we saw in §11. Therefore
x+(@)=(drg) = X o(x)d.(k)g(k)bn(xkx, w)dzdk.
DEQ, v XK
Now put
&p(x; k) = ¢p(xkx) (r€EG REK,DEQ)

and define v,(k) and D as in Lemmas 3t and 32. We have seen during the
proof of Lemma 31 that
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r

vo(k) = X ai(B)(d: X 1) + 1 X Ds (k€ K)

t=1

where by, + - -, b, are homogeneous elements in Q of degree 2, a4, - * -, a,
are analytic functions on K and D is the local expression at & of the differen-
tial operator D. Since w*=w (*xEG) and Iv(v.(k)) =d (k)w (REK), we con-
clude (see §5) that

r

> ai(k)®o(x, bi; k) + Bo(x; k, D) = dy(k)do(xkr~!, w)

i=1

and therefore

f a(x)d (k) g(k)opp(xkx™!, w)dxdk
GXK

= zr: a(x, bi“)a,-(k)g(k)m(xkx‘l)dxdk+fo :(x)g(k, D*)¢p(xkx—1)dxdk
X

i=1v GxK

where D* is the adjoint of D and b.* is the image of b; under the anti-auto-
morphism of B which maps X on —X(X&g). Summing over all DEQ,,
we get

xe@)redsg) = 3 [ oz, 83)dars(aig) + o(D%).

=1V @

But b:* being homogeneous of degree 2 in B, it is obvious that

fa(x, b*dx =0
G

and therefore
T(D*g) = xx(w)7x(d4g) (g € C=(K)).

This proves that D1, =Xy(w)d47+.

Now define the mapping f—F; of C*(4) into I*(K) as in Corollary 2 to
Lemma 29 and let ® denote the distribution f—7,(d+F;) (fEC*(4)). Then it
follows from Theorem 5 that ® coincides with an analytic function on 4. On
the other hand if f&€C=(4),

f d (B)F (k)x(k)dk = f dy(h) | AL(R) |F/(h)n(khE)dhdk
K AXK

and d(h)| A (k)| 2=|A'(k)|2 (h€4). Now put
g= 21
EW
Then
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N R)F () = ( > e(s>s.<h>)g<h> = A()g(h) (h € 4)

sEW

and

29 = r.@ir) = s ( [ awr.mrnar)

sp < f . | A’(h) |2g(h)1r(khk—‘)dhdk).
AX
Therefore if we put ¥(h) = Z,ew ®(h*) (h€4), it is clear that
5. = [ swnan (f € C=(a)).
A

This shows that S, coincides with ¢ on 4.
The following lemma establishes a connection with finite-dimensional
representations.

LEMMA 44. Let S, be the analytic function on A corresponding to Theorem 8.
Then there exists an irreducible finite-dimensional representation o of G and a
complex number ¢ such that

Se(h) = c| A'(R) [*To(h) (k€ A).
Here T, is the character of o.

Let A’ be the set of regular elements in 4. It is clear that if hEA4’, the
same holds for #* (s& W). It follows from the corollary to Lemma 43 that

S.(h) = | A'(h) |%7(h) (h € A)
where
Fo(h) = 20 1(h%) (k€ 4.
EW

Let by be the complete inverse image of A’ under the exponential mapping
of hp into 4 and let V be a nonempty open tonnected subset of §¢. Then from
Theorem 4,

S,(exp H) = A(H) g‘, Po(H)etAED (HE V)
s&w

where A is a linear function and p, (s&€W) are polynomial functions on §.
(A(H) is defined as in §8.) But since both sides of this equation may be re-
garded as analytic functions on },, they must be equal everywhere. Moreover
we may assume that p,.=p, if tA=A (s, tEW). Then since S,(exp tH)
=S.(exp H) (€W, HEY,) we conclude from Lemma 41 of [6(b)] that
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e()p:(H) = pu(tH) (s, 1€ W, HE ).

Hence if we put p=p, and define p* by p*(H)=p(s"'H) (s€W, HCY), it
follows that p,=¢€(s)p*. Therefore

Se(exp H) = AH) X e(s)p*(H)err® (H € bo).

EW

Let H, be an element in §, such that exp Hyp=1. Then ¢*#? =1 for every root
a and therefore A(H+H,)=e¢*HEIA(H) (HEH). But since S.(exp H)
= S,(exp (H+H,)), we conclude that

p*(H + Ho) exp (sA(Ho) — p(Ho)) = p*(H) (s€ W, HE ).
In particular if s=1,
p(H) = p(H + Ho) exp (A(Ho) — p(Ho)).

Now we may suppose that S, 0 for otherwise the statement of the lemma is
true trivially. Then p>0 and if p’ is the homogeneous component of p of the
highest degree, it is obvious that

p' = ¢’ exp (A(Ho) — p(Ho))

so that exp (A(Ho) —p(Hy)) =1 and p(H) =p(H+ H,). This means that p can
be regarded as a continuous function on 4 and so it must be bounded. But a
polynomial function cannot be bounded on b, unless it is a constant. Moreover
it is clear that there exists a character  of 4 such that

f(exp H) = exp (A(H) — p(H)) (H € bo).
Therefore
S«(h) = ¢ (conj A'(k)) ;ZJ e(s)E.(h)0* (k) (h € 4)
s&w

where ¢’ is a constant. But as we have seen during the proof of Lemma 29,
there exists an irreducible finite-dimensional representation o of G such that

> ()& (h)8*(h) = eA’(h)T.(h) (h € A)

sEW
where T, is the character of ¢ and e= 1. Therefore if c =¢c’,

SH(h) = | A'(h) |*To(B) (h € 4).
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